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Abstract: We give the global mathematical formulation of a class of generalized four-dimensional theo-
ries of gravity coupled to scalar matter and to Abelian gauge fields. In such theories, the scalar fields are
described by a section of a surjective pseudo-Riemannian submersion pi over space-time, whose total space
carries a Lorentzian metric making the fibers into totally-geodesic connected Riemannian submanifolds.
In particular, pi is a fiber bundle endowed with a complete Ehresmann connection whose transport acts
through isometries between the fibers. In turn, the Abelian gauge fields are “twisted” by a flat symplectic
vector bundle defined over the total space of pi. This vector bundle is endowed with a vertical taming
which locally encodes the gauge couplings and theta angles of the theory and gives rise to the notion of
twisted self-duality, of crucial importance to construct the theory. When the Ehresmann connection of pi
is integrable, we show that our theories are locally equivalent to ordinary Einstein-Scalar-Maxwell theo-
ries and hence provide a global non-trivial extension of the universal bosonic sector of four-dimensional
supergravity. In this case, we show using a special trivializing atlas of pi that global solutions of such mod-
els can be interpreted as classical “locally-geometric” U-folds. In the non-integrable case, our theories
differ locally from ordinary Einstein-Scalar-Maxwell theories and may provide a geometric description of
classical U-folds which are “locally non-geometric”.
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1. Introduction
The construction of four-dimensional supergravity theories usually found in the physics literature (see,
for example, [1,2,3,4]) is local in the sense that it is carried out ignoring the topology of the space-time
manifold and without specifying the precise global description of the configuration space or the global
mathematical structures required to define it. Such constructions are discussed traditionally only on a
contractible subset U of space-time, which guarantees that any fiber bundle defined on U is trivial and
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hence that any section of such a bundle can be identified with a map from U into the fiber. Accordingly,
the physics literature traditionally treats all classical fields as functions defined on U and valued in some
target space, which is either a vector space or (for the scalar fields) a manifold M endowed with a
Riemannian metric G. It is often also tacitly assumed that M is contractible, which implies that the
duality structure [5,6] of the Abelian gauge theory coupled to the scalar fields is described by a trivial
flat symplectic vector bundle S defined on M, whose data can then be encoded by a symplectic vector
space S0 (the fiber of S) [2,3]. Due to this assumption, the gauge field strengths and their Lagrangian
conjugates are usually treated as two-forms defined on U and valued in S0. It is not unambiguously clear
how such local constructions can be made into complete, mathematically rigorous, global definitions of
classical theories of matter coupled to gravity when M and M are not contractible. To fully define such
theories, one must decide how to interpret globally various local formulas and differential operators. Such
global interpretations are generally non-unique in the sense that they depend on choices of auxiliary
geometric data which are not visible in the usual local formulation [5,6,7].
In this paper, we consider the issue of finding a general global mathematical formulation of the univer-
sal bosonic sector of four-dimensional supergravity theories, which consists of gravity coupled to scalars
and to Abelian gauge fields. We find, among other results, that the traditional local formulas [1,2,4,8,9,
10] can be interpreted globally in a manner which provides a mathematical definition of “classical locally-
geometric U-folds” as global solutions of the equations of motion of the resulting globally-defined classical
theory. Furthermore, the global theory that we obtain represents a non-trivial extension of the standard
bosonic sector of ungauged four-dimensional supergravity. The supersymmetrization of the theories intro-
duced in this paper is currently an open problem involving several objects and structures of mathematical
interest, such as spinor bundles and Lipschitz structures, Special-Ka¨hler and Quaternionic-Ka¨hler mani-
folds or exceptional Lie groups, all interacting in a delicate equilibrium dictated by supersymmetry.
In our construction, the scalar map of the sigma model is first promoted to a section of a Kaluza-
Klein space defined over space-time and endowed with a vertical scalar potential Φ, leading to a section
sigma model for the scalar fields. The latter is described by a Lagrangian density defined on the space of
sections of pi. In the particular case when Φ vanishes, the solutions of the equations of motion of the section
sigma model are the pseudoharmonic sections studied by C. M. Wood [11,12,13,14,15,16]. The section
sigma model is then coupled to Abelian gauge fields governed by a non-trivial duality structure, thereby
extending the construction of [5] to this more general setting. The globally-defined theory obtained in
this manner will be called generalized Einstein-Section Maxwell (GESM) theory.
By definition, a Kaluza-Klein space over a Lorentzian manifold (M, g) is a surjective submersion
pi : E →M whose total space E is endowed with a Lorentzian metric h (known as a Kaluza-Klein metric)
such that pi is a pseudo-Riemannian submersion [17] from (E, h) to (M, g), whose fibers are totally
geodesic Riemannian connected submanifolds of (E, h). Such spaces were studied in the literature on the
mathematical foundations of Kaluza-Klein theory (see, for example, [18,19,20,21]) and their Riemannian
counterpart played an important role in the construction of non-trivial examples of Einstein metrics [22]
and in the study of metrics of positive sectional curvature [23]. The orthogonal complement of the vertical
distribution of pi with respect to a Kaluza-Klein metric h is a horizontal distribution H which gives a
complete Ehresmann connection for pi. Since the fibers are totally geodesic, the Ehresmann transport T
defined by H proceeds through isometries between the fibers. As a consequence, all fibers can be identified
with some model Riemannian manifold (M,G) and the holonomy group G of the Ehresmann connection
is a subgroup of the isometry group Iso(M,G) of the fiber, thereby being a finite-dimensional Lie group.
This implies that pi is a fiber bundle with structure group G (a fiber G-bundle in the sense of [24,25])
and hence is associated to a principal G-bundle Π (known as the holonomy bundle) through the isometric
action of G onM. Moreover, the Ehresmann connection H is induced by a principal connection θ defined
on Π. In fact, the Kaluza-Klein metric h is uniquely determined by H, g and G or, equivalently, by θ,
g and G together with an embedding G ↪→ Iso(M,G). We say that the Kaluza-Klein space is integrable
if the distribution H is Frobenius integrable, which happens if and only if the principal connection θ is
flat. A vertical scalar potential on pi is a smooth real-valued map Φ defined on the total space E of pi
such that the restrictions of Φ to the fibers of pi are related by the Ehresmann transport and hence can
be identified with a smooth real-valued function Φ defined onM, which is invariant under the holonomy
group G.
When pi is a topologically trivial fiber bundle andH is a trivial Ehresmann connection, the sections of pi
can be identified with the graphs of smooth functions fromM toM and the section sigma model reduces to
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the ordinary scalar sigma model defined by the “scalar structure” (M,G, Φ) [5,6]. This reduction always
happens when M is contractible and H is integrable, since in that case pi is necessarily topologically
trivial and H is necessarily a trivial Ehresmann connection. In particular, scalar sigma models with
integrable Kaluza-Klein space are locally indistinguishable from ordinary scalar sigma models. When pi
is topologically trivial but H is not integrable, the section sigma model reduces to a modified nonlinear
sigma model for maps from M to M, which, to our knowledge, has not been considered before. As
a consequence, section sigma models with non-integrable Kaluza-Klein space are locally distinct from
ordinary sigma models.
As mentioned above, section sigma models can be coupled to Abelian gauge fields, leading to the
construction of generalized Einstein-Section-Maxwell (GESM) theories. The most general coupling of
the ordinary scalar sigma model to Abelian gauge fields can be described globally [5] using a so-called
“electromagnetic structure” defined onM. In our situation, this is promoted to a “horizontally constant”
electromagnetic structure defined on the total space E of the Kaluza-Klein space. By definition, this is a
tamed flat symplectic vector bundle S defined over E such that the taming is invariant under the lift of
the Ehresmann transport of pi along the flat connection of S.
The fiber bundle pi admits special trivializing atlases supported on convex covers (Uα)α∈I of M . The
local trivialization maps of such an atlas are constructed using the Ehresmann transport along geodesics
lying inside Uα and ending at some reference point chosen in each Uα. The behavior of the section sigma
model with respect to such atlases depends on whether the Ehresmann connection H is integrable or not:
A. When the Kaluza-Klein space is integrable, any special trivializing atlas allows one to identify the
restriction of (pi,H) to Uα with the topological trivial fiber bundle (E
0
α
def.
= Uα ×M, pi0α def.= pi|E0α)
defined over Uα, endowed with the trivial Ehresmann connection. In this case, the restriction of the
section sigma model to Uα identifies with the ordinary sigma model of maps from Uα to M. This
implies that a global solution of the section sigma model can be obtained by patching local solutions
of the ordinary scalar sigma model using symmetries of the equations of motion of the later and thus
it can be interpreted as a classical counterpart of a U-fold. Similar statements apply after coupling to
Abelian gauge fields. Thus:
When the Kaluza-Klein space is integrable, global solutions of the GESM theory correspond to classical
locally-geometric U-folds glued from local solutions of the ordinary sigma model coupled to Abelian
gauge fields (which may have a non-trivial duality structure) using symmetries of the equations of
motion of the latter.
This can be taken as a rigorous definition of classical locally-geometric U-folds and may provide a
global geometric description of the classical limit of certain string theory U-folds in four dimensions.
B. When the Kaluza-Klein space is not integrable, the restriction of H to Uα identifies with a non-
integrable horizontal distribution of pi0α. In this case, local sections of pi defined over Uα are the
graphs of smooth maps into the fiber M and local solutions can be interpreted as solutions of the
modified non-linear sigma model for maps mentioned above. Hence:
When the Kaluza-Klein space is not integrable, global solutions of the GESM theory can be glued
from local solutions of the modified sigma model coupled to Abelian gauge fields (which may have a
non-trivial duality structure).
Together with the results of [5], point A. above implies that GESM theories with integrable Kaluza-
Klein space are locally indistinguishable from usual Einstein-Scalar-Maxwell theories and hence provide
admissible global interpretations of the local formulas governing the universal bosonic sector of four-
dimensional supergravity. On the other hand, point B. above implies that GESM theories with non-
integrable Kaluza-Klein space are locally distinct from ordinary ESM theories.
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The paper is organized as follows. Section 2 discusses Kaluza-Klein spaces, their special trivializing
atlases and their classification in the integrable case. The same section discusses vertical scalar potentials
and bundles of scalar structures as well as the classification of the latter in the integrable case. Section
3 discusses section sigma models and the U-fold interpretation of their global solutions in the integrable
case. Section 4 discusses bundles of scalar-electromagnetic structures, which are Kaluza-Klein spaces
endowed with “horizontally-constant” data describing the scalar potential and electromagnetic bundle
needed to couple the section sigma model to Abelian gauge fields. Section 5 gives the global formulation
of a generalized Einstein-Section-Maxwell theory. In the integrable case, we show that special trivializing
atlases of the underlying Kaluza-Klein space allow one to interpret global solutions of such models as
classical locally-geometric U-folds. This section contains the main result of the paper, namely Theorem
5.1, which proves in precise terms the local equivalence between GESM theories and ordinary ESM
theories. Section 6 illustrates section sigma models with a simple example, showing how in a special case
they recover the celebrated Scherk-Schwarz construction1. Finally, Section 7 contains our conclusions
and some directions for further research. Appendix A contains technical material on pseudo-Riemannian
submersions and Kaluza-Klein spaces. Appendix B shows that, in the non-integrable case, a section sigma
model reduces locally to a modified sigma model for maps, which we describe explicitly using adapted
local coordinates. In addition, the same Appendix gives local expressions in adapted coordinates for some
key objects used in the formulation of GESM theories.
1.1. Notations and conventions. All manifolds considered are smooth, connected, Hausdorff and para-
compact (hence also second countable) while all fiber bundles considered are smooth. All submersions
considered are assumed to be surjective and to have connected fibers. Given vector bundles S and S ′ over
some manifold M , we denote by Hom(S,S ′), Isom(S,S ′) the bundles of morphisms and isomorphisms
from S to S ′ and by Hom(S,S ′) def.= Γ (M,Hom(S,S ′)), Isom(S,S ′) def.= Γ (M, Isom(S,S ′)) the sets of
smooth sections of these bundles. When S ′ = S, we set End(S) def.= Hom(S,S), Aut(S) def.= Isom(S,S)
and End(S) def.= Hom(S,S), Aut(S) def.= Isom(S,S). Given a smooth map f : M1 → M2 and a vector
bundle S on M2, we denote the f -pull-back of S to M1 by Sf . Given a section s ∈ Γ (M2,S), we denote
its f -pullback by sf ∈ Γ (M1,Sf ). Given T ∈ Hom(S,S ′), where S,S ′ are vector bundles defined on M2,
we denote the f -pullback of T by T f ∈ Hom(Sf , (S ′)f ). Let Metp,q(W ) denote the set of non-degenerate
symmetric pairings of signature (p, q) on a vector bundle W of rank rkW = p + q. Let Met(W )
def.
=
unionsqp,q≥0,p+q=rkWMetp,q(W ) denote the set of all non-degenerate metrics on W . When W = TM is the
tangent bundle of a manifold M , we set Metp,q(M)
def.
= Metp,q(TM) and Met(M)
def.
= Met(TM). By
definition, a Lorentzian manifold is a pseudo-Riemannian manifold of “mostly plus” signature. Given a
manifold M , let P(M) denote the set of paths (piecewise-smooth curves) γ : [0, 1] → M . We sometimes
use various notations and conventions introduced in [5].
Remark 1.1. Throughout the paper, we use the mathematical concept of “Kaluza-Klein space”, which
is well-established in the mathematics and mathematical physics literature (see, for example, [18,19,
20,21,22]). Such spaces were initially defined and studied in the context of mathematical foundations of
Kaluza-Klein theories, which arise by reducing a higher-dimensional theory of gravity on such a manifold.
In the present paper, such spaces are used merely as convenient auxiliary mathematical data which
parameterize a GESM theory, despite the historical context in which they were introduced initially.
Throughout the paper, no reduction of any putative higher dimensional theory on such spaces is ever
suggested or performed.
2. Kaluza-Klein spaces, vertical potentials and bundles of scalar structures
2.1. Lorentzian submersions and Kaluza-Klein metrics. Let (M, g) be a connected four-dimensional Lorentzian
manifold. Let E be a connected manifold of dimension dimE = n+ 4, where n > 0. Recall that a smooth
map pi : E →M is called a surjective submersion if pi is surjective and the linear map depi : TeE → Tpi(e)M
is surjective for all e ∈ E. We shall always assume that the fibers of pi are connected.
1 Albeit without gauging of any putative continuous isometry of the scalar manifold. In fact, our construction does not
assume existence of any continuous isometries.
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Let pi : E → M be a surjective submersion with connected fibers. The vertical distribution of pi is
the rank n distribution V
def.
= ker(dpi) ⊂ TE defined on E, which is Frobenius integrable and integrates
to the foliation whose leaves are the fibers of pi. A Lorentzian metric h on E is called pi-positive if its
restriction to each fiber of pi is positive-definite. In this case, the h-orthogonal complement H := H(h) of
V inside TE is a distribution of rank four called the horizontal distribution of pi determined by h. Let hV
and hH denote the metrics induced by h on V and H, which we call the vertical and horizontal metrics
induced by h. For any e ∈ E, the map depi restricts to a linear bijection from He to Tpi(e)M . Hence the
restriction dpi|H of dpi to H induces a based isomorphism of vector bundles (dpi)H : H ∼→ (TM)pi.
Definition 2.1. Let h be a pi-positive Lorentzian metric on E. The surjective submersion pi : E → M
is called a Lorentzian submersion from (E, h) to (M, g) if the bundle isomorphism (dpi)H is an isometry
from (H,hH) to ((TM)
pi, gpi).
When pi is a Lorentzian submersion from (E, h) to (M, g), the pair (H,hH) is a pseudo-Euclidean dis-
tribution of signature (3, 1) defined on E while (V, hV ) is a Euclidean distribution. In particular, pi is a
surjective pseudo-Riemannian submersion in the sense of [17].
Definition 2.2. A Kaluza-Klein metric for the surjective submersion pi : E →M relative to the Lorentzian
metric g ∈ Met3,1(M) is a pi-positive Lorentzian metric h on E which makes pi into a Lorentzian sub-
mersion from (E, h) to (M, g).
More information about pseudo-Riemannian submersions and Kaluza-Klein metrics can be found in
Appendix A.
Any horizontal distribution H defines a horizontal lift of vector fields, which takes Q ∈ X (M) into the
unique horizontal vector field Q¯ ∈ Γ (E,H) satisfying dpi(Q¯) = Q. Moreover, any vector field X ∈ X (E)
decomposes uniquely as X = XH ⊕ XV , where XH ∈ Γ (E,H) and XV ∈ Γ (E, V ). The curvature
F ∈ Ω2(E, V ) of H is defined as [25]:
F(X,Y ) def.= [XH , YH ]V , ∀X,Y ∈ X (E) .
Its restriction to H gives a section FH ∈ Γ (E,∧2H∗ ⊗ V ) which satisfies:
FH(X,Y ) = F(X,Y ) = [X,Y ]V , ∀X,Y ∈ Γ (E,H)
and hence coincides up to a constant factor with the restriction to H of O’Neill’s second fundamental
tensor A [26] of the pseudo-Riemannian submersion pi:
AXY = −AYX = 1
2
FH(X,Y ) , ∀X,Y ∈ Γ (E,H) .
A basic property of O’Neill’s tensor is that it vanishes if and only if FH does. Hence either of A or FH
describe the obstruction to Frobenius integrability of H.
The distribution H is called complete if the flow T defined by horizontal lifts of vector fields is globally-
defined, which amounts to the condition that any curve in M lifts to a horizontal curve in E through
any point lying in the fiber above its source. When H is complete, it follows from a result of [27] that pi
is a fiber bundle, though its structure group need not be a finite-dimensional Lie group. In this case, H
is an Ehresmann connection for pi and T is called its Ehresmann transport. Reference [28] shows that a
sufficient condition for H to be complete and for the structure group to be a finite-dimensional Lie group
is that the fibers of pi be geodesically complete and totally geodesic connected submanifolds of (E, h). In
this case the Ehresmann transport T is isometric, which means that Tγ is an isometry from Eγ(0) to Eγ(1)
for any path γ ∈ P(M). Hence the structure group is isomorphic to the Riemannian isometry group of
the fiber of pi over any given point in M .
2.2. Lorentzian Kaluza-Klein spaces.
Definition 2.3. A Lorentzian Kaluza-Klein space over (M, g) is a Lorentzian submersion pi : (E, h) →
(M, g) such that (E, h) is connected and such that the fibers of pi are geodesically complete and totally
geodesic connected submanifolds of (E, h). The Kaluza-Klein space is called integrable if the horizontal
distribution H(h) ⊂ TE defined by h is Frobenius integrable.
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Consider a Lorentzian Kaluza-Klein space pi : (E, h) → (M, g) with horizontal distribution H := H(h),
whose Ehresmann transport we denote by T := T (h). Let m0 be fixed point of M and let M def.=
Em0 = pi
−1({m0}) and G def.= h|Em0 . As mentioned above, the results of [28] imply that H is a complete
Ehresmann connection, that pi is a fiber bundle and that the transport T is isometric. Hence the restriction
hm
def.
= h|Em of h to the fibers of E is uniquely determined by G and by T . Therefore, the metric h of a
Kaluza-Klein space is uniquely determined by g, G andH. When g and G are fixed, we thus have a bijection
between Ehresmann connections H for pi and Lorentzian metrics h on E such that pi : (E, h)→ (M, g) is
a Kaluza-Klein space and such that hm0 = G. Let:
G
def.
= {Tγ , | γ ∈ P(M) , γ(0) = γ(1) = m0} ⊆ Iso(M,G)
be the Ehresmann holonomy group at m0. For any m ∈M , consider the set:
Πm
def.
= {Tγ | γ ∈ P(M) : γ(0) = m0 & γ(1) = m} ,
and let Π
def.
= unionsqm∈MΠm be endowed with the obvious projection to M . Then Π is a principal G-bundle
(known as the holonomy bundle of H relative to m0) under the obvious right action of G. Moreover, the
Ehresmann connection H induces a principal connection θ on Π. Conversely, let ρ be the isometric action
of G onM given by the inclusion G ⊆ Iso(M,G). Then the associated bundle construction associates to a
principal bundle Π with principal connection θ the fiber bundle EΠ
def.
= Π×ρM with induced Ehresmann
connection Hθ. The two correspondences described above give mutually quasi-inverse functors between
the groupoid of Kaluza-Klein spaces over (M, g) which have typical fiber (M,G) and are endowed with
a horizontal distribution H with holonomy G ⊆ Iso(M,G) and the groupoid of principal G-bundles Π
defined over M and endowed with a principal connection θ together with an embedding G ⊆ Iso(M,G)
up to conjugation. Hence:
Proposition 2.1. Let g be a fixed Lorentzian metric on M . Then isomorphism classes of Kaluza-Klein
spaces over (M, g) with typical fiber (M,G) and horizontal distribution H having Ehresmann holonomy
contained in Iso(M,G) are in bijection with isomorphism classes of principal G-bundles Π defined over
M and endowed with a principal connection θ whose holonomy is embedded in Iso(M,G). Moreover, H
is integrable if and only if θ is flat.
Let (M,G) be a Riemannian manifold. Let E0 def.= M×M and let pi0 : M×M→M and p0 : M×M→M
denote the canonical projections. Notice that pi0 is the trivial fiber bundle over M with fiber M. Let
V 0 = (TM)p0 denote the vertical distribution of pi0, which is endowed with the pull-back metric Gp0 .
Definition 2.4. A topologically trivial Kaluza-Klein space over (M, g) with fiber (M,G) is a Kaluza-
Klein space of the form pi0 : (E0, h0)→ (M, g), whose vertical metric is the pull-back metric hV 0 def.= Gp0 .
The metric h0 = h(g,G, H) of such a space is uniquely determined by g, G and by the horizontal dis-
tribution H, whose parallel transport T must preserve Gp0 . For any γ ∈ P(M) and all p ∈ M, we
define:
Tγ(γ(0), p) = (γ(1), Tˆγ(p)) , (2.1)
where Tˆγ ∈ Iso(M,G) satisfy Tˆγ1γ2 = Tˆγ1 ◦ Tˆγ2 .
Definition 2.5. The product Kaluza-Klein space over (M, g) with fiber (M,G) is the topologically trivial
Kaluza-Klein space pi0 : (E0, h0triv)→ (M, g) with fiber (M,G) whose horizontal distribution is the trivial
integrable Ehresmann connection H0triv
def.
= (TM)pi
0
, with induced horizontal metric h0triv.
For any p ∈ M, the horizontal lift through (γ(0), p) ∈ E0γ(0) of any path γ ∈ P(M) defined by the
trivial Ehresmann connection H0 is the path given by γp,triv(s) = (γ(s), p) for all s ∈ [0, 1]. Hence the
Ehresmann transport T 0γ defined by H
0 is given by Tˆ 0γ = idM. This implies that the Kaluza-Klein metric
h0triv = hg,G,H0triv equals the product metric g × G.
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As explained above, integrable Kaluza-Klein spaces correspond to flat principal G-bundles (Π, θ)
defined over M together with an embedding G ⊆ Iso(M,G). It is well-known that flat principal G-
bundles are classified up to isomorphism by their holonomy morphism HolP,θ : pi1(M) → G, considered
up to the conjugation action of G. Hence the set of isomorphism classes of integrable Kaluza-Klein spaces
over (M, g) with fiber (M,G) and Ehresmann holonomy contained in Iso(M,G) is in bijection with the
character variety:
MIso(M,G)(M) def.= Hom(pi1(M), Iso(M,G))/Iso(M,G) .
When the space-time M is simply-connected, any integrable Kaluza-Klein space over (M, g) is isomorphic
with a product space (see below). In that case, we necessarily have G = 1 (the trivial group) and H is
gauge-equivalent with the trivial Ehresmann connection.
2.3. Vertical scalar potentials and scalar bundles. Let pi : (E, h) → (M, g) be a Kaluza-Klein space and
T be its Ehresmann transport.
Definition 2.6. A vertical scalar potential for pi is a smooth T -invariant real-valued function Φ ∈
C∞(E,R) defined on the total space E of pi.
The T -invariance of Φ means that the restrictions Φm
def.
= Φ|Em ∈ C∞(Em,R) to the fibers of E satisfy:
Φγ(1) ◦ Tγ = Φγ(0) , ∀ γ ∈ P(M) ,
a condition which is equivalent with the requirement that Φ is annihilated by any horizontal vector field
defined on E:
X(Φ) = 0 , ∀X ∈ Γ (E,H) . (2.2)
This implies that all fiber restrictions Φm (m ∈ M) can be recovered from Φm0 , where m0 is any fixed
point of M . In particular, the isomorphism type of the scalar structure2 (Em, hm, Φm) is independent of
m. The holonomy group Gm ⊂ Iso(Em, hm) of pi at any point m ∈M preserves Φm:
Gm ⊂ Iso(Em, hm, Φm) def.= {ϕ ∈ Iso(Em, hm)|Φm ◦ ϕ = Φm} .
Relation (2.2) amounts to dΦ(X) = 0 for all X ∈ Γ (X,H), i.e. dΦ ◦ PH = 0. Since PV + PH = idTE ,
this gives dΦ = dΦ ◦ PV , which shows that dΦ can be viewed as an element of Γ (E, V ∗). Since H and
V are h-orthogonal, this implies that the gradient of Φ is a vertical vector field:
gradhΦ ∈ Γ (E, V ) .
Definition 2.7. A scalar bundle over (M, g) is a pair (pi : (E, h)→ (M, g),Φ), where pi is a Kaluza-Klein
space and Φ is a vertical scalar potential for pi. The scalar bundle is called integrable if the Kaluza-Klein
space pi is integrable.
The isomorphism type of the scalar structures (Em, hm, Φm) (which, as explained above, does not depend
on the point m ∈ M) is called the type of the scalar bundle and will be generally denoted by (M,G, Φ).
The classification of integrable Kaluza-Klein spaces immediately implies the following.
Proposition 2.2. Integrable scalar bundles defined over (M, g) and having type (M,G, Φ) are classified
up to isomorphism by the points of the character variety:
MIso(M,G,Φ)(M) def.= Hom(pi1(M), Iso(M,G, Φ))/Iso(M,G, Φ) .
2 As defined in reference [5].
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2.4. Special trivializing atlases for a Kaluza-Klein space and for a scalar bundle. Recall that an open
subset U of a pseudo-Riemannian manifold is called geodesically convex [17] if it is a normal neighborhood
for each of its points. If U is convex, then for any two points p, q ∈ U there exists a unique geodesic segment
which is contained in U and which connects p and q. Any point of a pseudo-Riemannian manifold has
a basis of geodesically convex neighborhoods (see [17, p. 129]). A convex cover of a pseudo-Riemannian
manifold is an cover by open and geodesically convex sets which has the property that any nontrivial
intersection of two of its elements is geodesically convex. Given any open cover V of a pseudo-Riemannian
manifold, there exists a convex cover U such that any element of U is contained in some element of V [17,
Lemma 5.10]. In particular, any pseudo-Riemannian manifold admits convex covers.
Let pi : (E, h)→ (M, g) be a Kaluza-Klein space. Let m0 ∈M be a fixed point and setM def.= Em0 and
G def.= hm0 . Let U = (Uα)α∈I be a convex cover for (M, g), where the indexing set is chosen such that 0 6∈ I.
Fix points mα ∈ Uα and paths λα ∈ P(M) such that λα(0) = mα and λα(1) = m0. For any m ∈ Uα, let
γαm : [0, 1]→ Uα be the unique smooth geodesic contained in Uα such that γαm(0) = m and γαm(1) = mα.
For any α ∈ I, let gα def.= g|Uα , Eα def.= E|Uα , piα def.= pi|Uα . Let E0α def.= Uα ×M and pi0α : E0α → Uα,
p0α : E
0
α →M be the projections on the first and second factors. Then pi0α : E0α def.= Uα ×M → Uα is the
trivial fiber bundle over Uα with fiber M. Define diffeomorphisms qα : Eα → Uα ×M through:
qα(e) = (pi(e), qˆα(e)) , ∀ e ∈ Eα , (2.3)
where qˆα : Eα →M is given by the following differentiable surjective map:
qˆα(e)
def.
= p0α ◦ (Tλα ◦ Tγαpi(e))(e) = p0α ◦ Tλα◦γαpi(e)(e) ∈M , ∀ e ∈ Eα . (2.4)
Here we have used the identification M def.= Em0 and the fact that:
(Tλα ◦ Tγα
pi(e)
)(e) ∈ {m0} × Em0 , ∀ e ∈ Eα .
The restriction qˆα(m)
def.
= qˆα|Em : Em → M to the fiber at m ∈ Uα is an isometry from (Em, hm) to
(M,G) which is given explicitly by:
qˆα(m)(em) = p
0
α ◦ Tλα◦γαm(m× em) , ∀ em ∈ Em .
The maps qα are diffeomorphisms from Eα to E
0
α = Uα ×M which fit into the following commutative
diagram:
Eα
piα

qα // E0α
pi0α

Uα
idUα // Uα
(2.5)
Hence (Uα, qα) is a trivializing atlas for the fiber bundle pi, called the special trivializing atlas determined
by the convex cover (Uα)α∈I , by the reference point m0 and by the choices of points mα ∈ Uα and of
paths λα from mα to m0.
Let hα
def.
= h|Eα . Since the Ehresmann transport T is isometric, the vertical metric hα|V agrees with
Gp0α through the diffeomorphism qα : Eα → Uα×M. Hence hα corresponds through qα to a Kaluza-Klein
metric h0α on the trivial bundle pi
0
α : Eα → Uα. The latter is the Kaluza-Klein metric determined by g|Uα ,
G and the distribution H0α def.= (dqα)(Hα), where Hα def.= H|Eα . The diffeomorphism qα is an isometry
from (Eα, hα) to (E
0
α, h
0
α) which makes diagram (2.5) into an isomorphism of Kaluza-Klein spaces from
the Kaluza-Klein space piα : (Eα, hα) → (Uα, gα) to the Kaluza-Klein space pi0α : (E0α, h0α) → (Uα, gα).
Notice that the second of these need not be a product Kaluza-Klein space, since h0α may differ from the
product metric gα × G.
Since (M, g) admits convex covers, any Kaluza-Klein space admits special trivializing atlases. In
particular, any Kaluza-Klein space is locally isomorphic with a topologically trivial Kaluza-Klein space
(which need not be a product Kaluza-Klein space!).
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For any α, β ∈ I such that Uαβ def.= Uα ∩ Uβ 6= ∅, we have:
(qβ ◦ q−1α )(m, p) = (m,gαβ(m)(p)) , ∀m ∈ Uαβ , ∀ p ∈M ,
where the transition functions gαβ : Uαβ → Iso(M,G) are given by:
gαβ(m)
def.
= qˆβ(m) ◦ qˆ−1α (m) ∈ Iso(M,G) , ∀m ∈ Uαβ . (2.6)
Using (2.4), this gives:
gαβ(m) = Tλβ ◦ Tγβm ◦ T−1γαm ◦ T
−1
λα = Tcαβm ∈ Iso(M,G) , ∀m ∈ Uαβ .
Here:
cαβm
def.
= λβ ◦ γβm ◦ (γαm)−1 ◦ (λα)−1 , (2.7)
is the closed path starting and ending at m0 and passing through the point m ∈ Uαβ which is shown in
Figure 2.1.
 
 
 



  
  
  



Uα
Uβ
γ
(α)
m
γ
(β)
m
λ(α)
λ(β)
m(α)
m(β)
mm0
Fig. 2.1. The transition functions of a special trivializing atlas are determined by closed paths based at the
reference point m0 ∈M and passing through m ∈ Uαβ .
Let Φ be a vertical potential for pi. In this case, a special trivializing atlas for the Kaluza-Klein space pi
is also called a special trivializing atlas for the scalar bundle (pi,Φ). Let Φα
def.
= Φ|Eα and set Φ def.= Φm0 .
Since Φ is T -invariant, the definition (2.4) of qˆα implies:
Φα = Φ ◦ qˆα . (2.8)
This gives Φ ◦ gαβ = Φ, i.e. gαβ ∈ Iso(M,G, Φ).
When the Kaluza-Klein space pi is integrable, the Ehresmann transport depends only on the homotopy
class of curves in M . In this case, Tcαβm is independent of the point m ∈ Uα ∩ Uβ since Uα ∩ Uβ is path
connected and hence the homotopy class of cαβm does not depend on m. Moreover, integrability of H implies
thatH0α coincide with the trivial Ehresmann connectionsH
triv
α of pi
0
α. In this case, pi
0
α : (E
0
α, hα)→ (Uα, gα)
is a product Kaluza-Klein space and qα is an isometry from (Eα, hα) to (Uα ×M, gα × G). Thus:
Proposition 2.3. Let pi : (E, h)→ (M, g) be an integrable Kaluza-Klein space. Then the local trivializing
maps qα of a special trivializing atlas consist on isometries from (Eα, hα) to (Uα ×M, gα × G) and the
transition functions gαβ defined by such an atlas are constant on Uα ∩ Uβ. In particular, pi is locally
isomorphic with a product Kaluza-Klein space.
In this case, relation (2.6) gives:
qˆβ |Eαβ = gαβ ◦ qˆα|Eαβ ∀α, β ∈ I , (2.9)
where Eαβ
def.
= E|pi−1(Uαβ) and we define gαβ def.= idM when Uαβ = ∅.
Remark 2.1. Suppose that the integrable Kaluza-Klein space pi is endowed with a vertical potential Φ
whose restriction to M we denote by Φ. Then the constant transition functions in a special trivializing
atlas satisfy gαβ ∈ Iso(M,G, Φ).
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3. Section sigma models
Given a Kaluza-Klein space pi : (E, h) → (M, g), let PV : TE → V and PH : TE → H denote
the corresponding h-orthogonal projectors and T denote the Ehresmann transport of H
def.
= H(h). Let
∇v def.= PV ◦ ∇ denote the connection induced on V by the Levi-Civita connection ∇ of (E, h). Let
Φ ∈ C∞(E,R) be a vertical scalar potential for pi, so that (pi,Φ) is a bundle of scalar structures.
3.1. The scalar section sigma model defined by pi and Φ.
Definition 3.1. The vertical Lagrange density of pi is the map evΦ : Γ (pi)→ C∞(M,R) defined, for every
s ∈ Γ (pi), as follows:
evΦ(g, h, s)
def.
=
1
2
Trgs
∗
v(hV ) + Φ
s ,
where s∗v(hV ) is the vertical first fundamental form of s (see Appendix A) and Φ
s = Φ ◦ s ∈ C∞(M,R).
Let:
ev(g, h, s)
def.
= ev0(g, h, s) =
1
2
Trgs
∗(hV ) .
Definition 3.2. The section sigma model defined by pi and Φ has action functional Ssc : Met3+n,1(E)×
Γ (pi)→ R given by:
Ssc,U [g, h, s] = −
∫
U
νM (g)e
v
Φ(g, h, s) (3.1)
for any relatively-compact subset U ⊂M .
Let s ∈ Γ (pi) be a section. The differential ds : TM → TE of s is an unbased morphism of vector bundles
equivalent to a section ds ∈ Ω1(M,TEs) which for simplicity we denote by the same symbol. We define
the vertical differential dvs
def.
= P sV ◦ ds ∈ Ω1(M,V s), where P sV denotes the vertical projection of the
pull-back bundle (see Appendix A). The Levi-Civita connection on (M, g) and the s-pull-back of the
connection ∇v on V induce a connection on T ∗M ⊗ V s, which for simplicity we denote again by ∇v.
Definition 3.3. The vertical tension field of s ∈ Γ (pi) is defined through:
τv(g, h, s)
def.
= Trg∇vdvs ∈ Γ (M,V s) .
Remark 3.1. The ordinary Lagrange density and tension field of s ∈ Γ (pi) are defined similarly to their
vertical counterparts except that there is no vertical projection involved. More precisely, we define:
eΦ(g, h, s)
def.
=
1
2
Trgs
∗(h) + Φs ,
as well as:
τ(g, h, s)
def.
= Trg∇ds ∈ Γ (M,TEs) ,
where ∇ denotes the connection on T ∗M ⊗ TEs induced by the Levi-Civita connection on (M, g) and
the s-pullback of the Levi-Civita connection on (E, h). For simplicity we will sometimes drop the explicit
dependence on g and h in eΦ(g, h, s), τ(g, h, s) etc.
The following is an easy adaptation of a result due to [11].
Proposition 3.1. The vertical density ev(s) differs from e(s) by a constant and we have τv(s) = PV ◦τ(s).
Moreover, the critical points of (3.1) with respect to s ∈ Γ (pi) are solutions of the equation:
τv(s) = −(gradhΦ)s . (3.2)
Remark 3.2. When Φ = 0, equation (3.2) becomes the vertical pseudoharmonic equation:
τv(s) = 0
and its solutions are called pseudoharmonic sections of pi.
Notice that (3.1) is extremized only with respect to vertical variations of s, since s is subject to the section
constraint pi ◦ s = idM . As a consequence, a section which is pseudo-harmonic as an unconstrained map
from (M, g) to (E, h) is a pseudo-harmonic section, but not every pseudo-harmonic section is pseudo-
harmonic as an unconstrained map from (M, g) to (E, h).
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3.2. The sheaves of configurations and solutions. The local character of the model allows us to define two
sheaves of sets on M , namely:
• The sheaf of configurations Confpi, which coincides with the sheaf of local smooth sections of pi.
• The sheaf of solutions Solpi,Φ, defined as the sub-sheaf of Confpi whose set of sections Solpi,Φ(U) over
an open subset U ⊂ M consist of pseudo-harmonic sections of the restricted Kaluza-Klein space
piU : (EU , hU )→ (U, gU ) endowed with the vertical potential Φ|EU , where EU def.= pi−1(U), hU def.= h|EU ,
piU
def.
= pi|EU and gU def.= g|U .
3.3. A modified sigma model for maps. Let pi0 : (E0
def.
= M ×M, h0) → (M, g) be a topologically-trivial
Kaluza-Klein space over (M, g) endowed with a vertical scalar potential Φ ∈ C∞(E,R). Let H0 be the
horizontal distribution determined by h0. Let graph: C∞(M,M)→ Γ (pi0) be the bijective map given by:
graph(ϕ)(m)
def.
= (m,ϕ(m)) ∀m ∈M ,
whose inverse is the map ungraph : Γ (pi0)→ Γ (pi0) given by:
ungraph(s0)
def.
= p0 ◦ s0 .
Using this correspondence, the scalar section sigma model defined by pi0 : (E0, h0) → (M, g) together
with the vertical potential Φ ∈ C∞(E0,R) can be viewed as a generalization of the ordinary scalar sigma
model of maps from (M, g) to (M,G, Φ).
Definition 3.4. The modified scalar sigma model determined by (M, g), (M,G) and H0 is defined by
the action:
SH
0
sc,Φ,U0 [ϕ] = Ssc,pi0,Φ,U0 [graph(ϕ)] .
for any relatively compact open set U0 ⊂ M , where Ssc,pi,Φ,U0 is the action of the section sigma model
of the topologically trivial Kaluza-Klein space pi0 : (E0, h0) → (M, g) with fiber (M,G) and horizontal
distribution H0.
Definition 3.5. Let H0 be any horizontal distribution for the trivial bundle pi0 : E0 → M . A map ϕ :
(M, g) → (M,G) is called H0-pseudoharmonic if the graph s0 of ϕ is a pseudo-harmonic section of the
topologically trivial Kaluza-Klein space pi0 : (E0, h0) → (M, g) with fiber (M,G), where h0 is the metric
on E0 determined by H0,G and g.
It is clear that the solutions of the equations of motion of the modified scalar sigma model are H0-
pseudoharmonic maps. The modified scalar sigma model defined reduces to the ordinary sigma model
when H0 is the trivial Ehresmann connection of pi0, as we explain next.
Remark 3.3. Let pi0 : (E0
def.
= M×M, h0 def.= g×G)→ (M, g) be the product Kaluza-Klein space with fiber
(M,G) defined over (M, g) and horizontal distribution H0triv. For any s ∈ Γ (pi0), we have s∗(h) = ϕ∗(G)
and dvs = dϕ, where ϕ = ungraph(s) = p0 ◦ s. Thus ev(s) = e(ϕ) and τv(s) = τ(ϕ). Moreover, we have
Φ = Φ ◦ p0 for some Φ ∈ C∞(M,R). Hence the section sigma model action (3.1) reduces to the action
of an ordinary sigma model of maps from (M, g) to (M,G), while the equations of motion (3.2) reduce
to those of an ordinary sigma model. Setting Φ = 0, we conclude that a map ϕ : (M, g) → (M,G) is
H0triv-pseudoharmonic if and only if it is pseudo-harmonic.
3.4. U-fold interpretation of globally-defined solutions in the integrable case. Let (pi : (E, h)→ (M, g),Φ)
be an integrable bundle of scalar data of type (M,G, Φ). Consider a special trivializing atlas of pi defined
by the convex cover (Uα)α∈I of (M, g). We freely use the notations introduced in Subsection 2.4. Since pi
is integrable, the trivializing maps defined in (2.3) give isometries qα : (Eα, hα)
∼→ (Uα×M, gα×G). For
any pair of indices α, β ∈ I such that Uαβ def.= Uα ∩ Uβ is non-empty, the composition qαβ def.= qβ ◦ q−1α :
Uαβ ×M→ Uαβ ×M has the form qαβ(m, p) = (m,gαβ(p)), where:
gαβ ∈ Iso(M,G, Φ) .
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We remind the reader that Φ
def.
= Φm0 = Φ|Em0 . Setting gαβ = idM for Uαβ = ∅, the collection (gαβ)α,β∈I
satisfies the cocycle condition:
gβδgαβ = gαδ , ∀α, β, δ ∈ I . (3.3)
For any section s ∈ Γ (pi), the restriction sα def.= s|Uα corresponds through qα to the graph graph(ϕα) ∈
Γ (pi0α) of a uniquely-defined smooth map ϕ
α ∈ C∞(Uα,M):
sα = q
−1
α ◦ graph(ϕα) i.e. qα(sα(m)) = (m,ϕα(m)) , ∀m ∈ Uα . (3.4)
Composing the first relation from the left with p0α gives:
ϕα = qˆα ◦ sα .
Using relation (2.9), this implies:
ϕβ(m) = gαβϕ
α(m) ∀m ∈ Uαβ , (3.5)
where juxtaposition in the right hand side denotes the tautological action of the group Iso(M,G, Φ)
on M. Conversely, any family of smooth maps {ϕα ∈ C∞(Uα,M)}α∈I satisfying (3.5) defines a smooth
section s ∈ Γ (pi) whose restrictions to Uα are given by (3.4).
From the previous discussion, the equation of motion (3.2) for s is equivalent with the condition that
each ϕα satisfies the equation of motion of the ordinary sigma model defined by the scalar data (M,G, Φ)
on the space-time (Uα, gα):
τv(h, s) = −(gradΦ)s ⇔ τ(gα, ϕα) = −(gradΦ)ϕα ∀α ∈ I . (3.6)
Thus global solutions s of the equations of motion (3.2) are glued from local solutions ϕα ∈ C∞(Uα,M)
of the equations of motion of the ordinary sigma model using the Iso(M,G, Φ)-valued constant transition
functions gαβ which satisfy the cocycle condition (3.3). This realizes the ideology of classical
3 U-folds,
namely gluing local solutions through symmetries of the equations of motion.
3.5. Sheaf-theoretical description. The observations above have the following sheaf-theoretical descrip-
tion. Let ConfαM
def.
= ConfM|Uα , Solg,αM,G,Φ def.= SolgM,G,Φ|Uα and gαβ : ConfαM|Uαβ → ConfβM|Uαβ be the
isomorphism of sheaves defined through:
gαβ(s)
def.
= gαβs , ∀U ⊂ Uαβ , ∀s ∈ ConfαM(U) .
Since gαβ acts by symmetries of the equations of motion of the ordinary sigma model, this restricts to an
isomorphism of sheaves of sets from Solg,αM,G,Φ|Uαβ to Solg,βM,G,Φ|Uαβ . These isomorphisms of sheaves satisfy
the cocycle conditions:
gβγgαβ = gαγ , ∀α, β, γ ∈ I .
The sheaves ConfαM and Sol
g,α
M,G,Φ defined on Uα glue using these isomorphisms to sheaves ConfM and
SolgM,G,Φ ⊂ ConfM defined on M which satisfy ConfM|Uα ' ConfαM and SolgM,G,Φ|Uα ' Solg,αM,G,Φ.
The discussion above shows that the trivialization maps qα of pi induce isomorphisms of sheaves:
Confpi ' ConfM , Solpi,Φ ' SolgM,G,Φ .
which present ConfM and SolM,G,Φ respectively as the sheaves of configurations and solutions of the
section sigma model defined by the scalar structure (pi,Φ). These isomorphisms of sheaves encode the
U-fold interpretation of the section sigma model defined by (pi,Φ).
3 As opposed to string-theoretical.
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3.6. Classical scalar locally-geometric U-folds. Let (M,G, Φ) be a scalar structure. The previous discus-
sion motivates the following mathematically rigorous definition:
Definition 3.6. A classical scalar locally-geometric U-fold of type (M,G, Φ) is a smooth global solution
s ∈ Γ (pi) of the equations of motion (3.2) of the section sigma model defined by an integrable bundle of
scalar data (pi : (E, h)→ (M, g),Φ) having type (M,G, Φ).
As explained above, any such object can be constructed by gluing local solutions of the ordinary sigma
model with target (M,G) using the Iso(M,G, Φ)-valued transition functions of pi. Moreover, the discussion
above shows that a section sigma model based on an integrable Kaluza-Klein space is locally indistin-
guishable from an ordinary sigma model. Thus section sigma models based on integrable Kaluza-Klein
spaces provide allowed globalizations of the local formulas used in the sigma model literature, in the sense
that they are locally indistinguishable from the latter. When the space-time M is not simply-connected,
the number of inequivalent global formulations of this type is in general continuously infinite, since so is
the character variety of pi1(M) for the group Iso(M,G, Φ). This illustrates the highly ambiguous charac-
ter of the local formulation of theories involving sigma models (such as supergravity theories coupled to
scalar matter in four dimensions). Clearly such local formulations are far from sufficient when one tries
to specify the theory uniquely on a non-contractible space-time.
4. Scalar-electromagnetic bundles
Let pi : (E, h) → (M, g) be a Kaluza-Klein space with Ehresmann transport T associated to the
horizontal distribution H ⊂ TE. Let ∆ = (S,ω,D) be a flat symplectic vector bundle defined over
E with symplectic structure ω and symplectic connection D. Given a point m ∈ M , let (Sm, Dm, ωm)
be the restriction of (S,ω,D) to the fiber Em. This is a flat symplectic vector bundle defined on the
Riemannian manifold (Em, hm) and hence a duality structure as defined in [5]. For any path Γ ∈ P(E) in
the total space of E, let UΓ : SΓ (0) → SΓ (1) be the parallel transport defined by D along Γ . Since D is a
symplectic connection, UΓ is a symplectomorphism between the symplectic vector spaces (SΓ (0),ωΓ (0))
and (SΓ (1),ωΓ (1)). For any path γ ∈ P(M), let γe ∈ P(E) denote its horizontal lift starting at the point
e ∈ Eγ(0). By the definition of T , we have Tγ(e) = γe(1).
Definition 4.1. The extended horizontal transport along a path γ ∈ P(M) is the unbased isomorphism
of vector bundles Tγ : Sγ(0) → Sγ(1) defined through:
Tγ(e)
def.
= Uγe : Se → STγ(e) , ∀ e ∈ Eγ(0) ,
which linearizes the Ehresmann transport Tγ : Eγ(0) → Eγ(1) along γ.
Clearly Tγ is an isomorphism of flat symplectic vector bundles:
Tγ : (Sγ(0), Dγ(0), ωγ(0)) ∼−→ (Sγ(1), Dγ(1), ωγ(1)) ,
which lifts the isometry Tγ : (Eγ(0), hγ(0))→ (Eγ(1), hγ(1)).
Definition 4.2. Let pi : (E, h)→ (M, g) be a Kaluza-Klein space. A duality bundle ∆ is a flat symplectic
vector bundle ∆ = (S,ω,D) over E. Let ∆1 and ∆2 be duality bundles. A morphism of duality bundles
from ∆1 to ∆2 is a bundle morphism of the underlying flat symplectic vector bundles.
Let ∆ = (S,D,ω) be a duality bundle over pi : E → M and let m0 ∈ M be a fixed point in M . Since
M is path-connected, it follows that all fiber restrictions (Sm, Dm, ωm), m ∈ M , can be recovered by
extended horizontal transport from the flat symplectic vector bundle (Sm0 , Dm0 , ωm0) over Em0 . The flat
vector bundle (Sm, Dm, ωm) is a duality structure as defined in [5]. In particular, the isomorphism class
of the duality structures ∆m
def.
= (Sm, Dm, ωm) is independent of m and is called the type of ∆. We will
drop the subscript and write ∆
def.
= (S, D, ω) for the type of ∆. Notice that ∆ can be viewed as a bundle
whose fibers are the duality structures ∆m, endowed with the complete Ehresmann connection given by
the extended horizontal transport T. Such objects defined over (M, g) form a category when equipped
with the obvious notion of (based) morphism.
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4.1. Vertical tamings and scalar-electromagnetic bundles. Let ∆ be a duality bundle over a Kaluza-Klein
space pi : (E, h) → (M, g). Recall that a taming J ∈ Aut(S,ω) is an automorphism of the symplectic
vector bundle (S,ω) satisfying [29]:
J2 = −IdS , ω(Je, e) > 0 , ∀e ∈ Γ (E,S) .
Tamings always exist. Given a taming J of (S,ω) and a point m ∈ M , we denote by Jm def.= J|Em the
taming on (Sm, ωm) induced by the restriction of J to the fiber Em of pi.
Definition 4.3. A taming J of (S,ω,D) is called vertical if it is T-invariant, which means that it
satisfies:
Tγ ◦ Jγ(0) = Jγ(1) ◦Tγ , ∀ γ ∈ P(M) .
It is clear that J is vertical if and only if it satisfies:
DX ◦ J = J ◦DX , ∀X ∈ Γ (E,H) .
In this case, Tγ is an isomorphism of tamed flat symplectic vector bundles:
Tγ : (Sγ(0), ωγ(0), Dγ(0), Jγ(0)) ∼−→ (Sγ(1), ωγ(1), Dγ(1), Jγ(1)) ,
which covers the isometry Tγ : (Eγ(0), hγ(0))→ (Eγ(1), hγ(1)), i.e. the following diagram commutes:
(Sγ(0), ωγ(0), Dγ(0), Jγ(0))
piγ(0)

Tγ // (Sγ(1), ωγ(1), Dγ(1), Jγ(1))
piγ(1)

(Eγ(0), hγ(0))
Tγ // (Eγ(1), hγ(1))
Definition 4.4. Let pi : (E, h) → (M, g) be a Kaluza-Klein space. An electromagnetic bundle Ξ is a
duality bundle ∆ over E equipped with a vertical taming J. We write Ξ
def.
= (∆,J) = (S,ω,D,J). Let
Ξ1 and Ξ2 be two electromagnetic bundles. A morphism of electromagnetic bundles f : Ξ1 → Ξ2 from
Ξ1 to Ξ2 is a morphism of the underlying duality structures which satisfies J2 ◦ f = f ◦ J1.
Definition 4.5. A scalar-electromagnetic bundle defined over (M, g) is a triple D = (pi : (E, h) →
(M, g),Φ,Ξ) consisting of a Kaluza-Klein space pi : (E, h) → (M, g), a vertical potential Φ and an
electromagnetic bundle Ξ defined over the total space E of pi. The scalar-electromagnetic bundle D is
called integrable if pi : (E, h)→ (M, g) is an integrable Kaluza-Klein space.
Let D = (pi : (E, h) → (M, g),Φ,Ξ) be a scalar-electromagnetic bundle, which for simplicity (and
when no confusion can arise) we will denote by D = (pi,Φ,Ξ). Since M is path-connected, it fol-
lows that all fiber restrictions (pi,Φ,Ξ)|Em def.= (Em, hm, Φm,Sm, ωm, Dm, Jm) can be recovered by
extended horizontal transport from the ’value’ of D at a fixed point m0 ∈ M . In particular, each
Dm def.= (Em, hm, Φm,Sm, ωm, Dm, Jm) is a scalar-electromagnetic structure in the sense of [5]. The iso-
morphism class of Dm is independent of m and is called the type of the scalar-electromagnetic bundle D.
Hence we will drop the subscript and write D def.= (M,G, Φ,S, ω,D, J). Notice that D can be viewed as
a bundle whose fibers are the scalar-electromagnetic structures Dm, endowed with the complete Ehres-
mann connection given by the extended horizontal transport T. Such objects defined over (M, g) form a
category when equipped with the obvious notion of (based) morphism.
Definition 4.6. The extended holonomy group of D at the point m ∈ M is the subgroup of Aut(Dm)
defined through:
Gm
def.
= {Tγ | γ ∈ P(M), γ(0) = γ(1) = m} ⊂ Aut(Dm) .
Remark 4.1. The holonomy groups associated to D at different points in M are related by conjugation
inside Aut(D) and hence isomorphic. Therefore, we can speak of the holonomy group G of D without
further reference to base points.
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4.2. Topologically trivial scalar-electromagnetic bundles. Let pi0 : (E0, h0) → (M, g) be a topologically
trivial Kaluza-Klein space over (M, g) with fiber (M,G), where E0 = M ×M and pi0 is the projection
in the first factor. Let p0 be the projection of E0 on the second factor. Let H ⊂ TE0 be the horizontal
distribution determined by h and let D = (M,G, Φ,S, ω,D, J) be a scalar-electromagnetic structure.
There exists a unique flat connection D0 on the pulled-back bundle Sp0 which satisfies the following
conditions for all e ∈ E0:
D0x(σ
p0) = 0 , ∀σ ∈ Γ (M,S) , ∀x ∈ He(h) ,
D0x = D
p0
x , ∀x ∈ Ve , (4.1)
where Dp
0
is the pullback of the connection D through p0. Let S0 def.= Sp0 , J0 def.= Jp0 and ω0 def.= ωp0 .
Then Ξ0
def.
= (S0,ω0,D0,J0) is an electromagnetic bundle defined over E0 and Φ0 def.= Φp0 def.= Φ ◦ p0 is
a vertical potential for pi0. A section σ ∈ Γ (E0,S0) satisfies D0Xσ = 0 for all X ∈ Γ (E0, H) if and only
if there exists σ ∈ Γ (M,S) such that σ = σp0 . It is easy to see that σ is invariant under the extended
horizontal transport T0 associated to H0 and D0 if and only if σ is invariant under the action of the
subgroup:
Gˆh
def.
= {Tˆhγ | γ ∈ P(M)} ⊂ Isom(M,G) ,
where Tˆγ was defined in (2.1).
Definition 4.7. The triple D0 = (pi0 : (E0, h0)→ (M, g),Φ0,Ξ0) is called a topologically trivial scalar-
electromagnetic bundle of type D defined over (M, g).
Definition 4.8. A topologically-trivial scalar-electromagnetic bundle D0 whose underlying Kaluza-Klein
space pi0 : (E0, h0)→ (M, g) is the product Kaluza-Klein bundle (where h0 = g×G) is called a metrically
trivial scalar-electromagnetic bundle defined over (M, g).
For a metrically-trivial scalar-electromagnetic bundle, we have Gˆ = idM. Hence a section σ ∈ Γ (E0,S0)
is T0-invariant if and only if σ = σp
0
for some section σ ∈ Γ (M,S) of S.
4.3. Special trivializing atlases for scalar-electromagnetic bundles. Consider a scalar-electromagnetic bun-
dle D = (pi,Φ,Ξ). Let (Uα)α∈I be a convex cover of M with 0 6∈ I. Fix points m0 ∈ M , mα ∈ Uα
as well as paths λα from mα to m0 as in Subsection 2.4, whose notations we will use freely. Let
D def.= (M,G, Φ,S, ω,D, J) be the type of a scalar-electromagnetic bundle D and let Dα def.= (piα,Φα,Ξα)
denote its restriction to Eα. Then Dα def.= (piα,Φα,Ξα) is a scalar-electromagnetic bundle defined over
(Eα, hα), with Kaluza-Klein metric given by hα
def.
= h|Uα . Let D0α = (pi0α,Φ0α,Ξ0α) be the topologically
trivial scalar-electromagnetic bundle of type D defined over E0α, with Kaluza-Klein metric h0α making:
qα : Eα → Uα ×M ,
into an isometry (see Subsection 2.4). We have S0α = Sp
0
α , D0α = D
p0α , J0α = J
p0α , ω0α = ω
p0α .
The extended horizontal transport T along geodesics inside Uα can be used to define unbased iso-
morphisms of electromagnetic structures qα : (Sα,ωα,Dα,Jα) → (S0α,ω0α,D0α,J0α) which linearize the
diffeomorphisms qα : Eα → E0α defined in equation (2.3). For any e ∈ Eα, the linear isomorphism
qα,e : Se ∼→ Sp
0
α
qα(e)
= STλα◦γα
pi(e)
(e) is defined through:
qα,e = Tλα◦γα
pi(e)
(e) .
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This gives commutative diagrams:
Sα

qα // S0α

Eα
piα

qα // E0α
pi0α

Uα
idUα // Uα
(4.2)
which extend the diagrams (2.5). In particular, qα are determined by qα. It is easy to see that qα is an
isomorphism of electromagnetic structures from (Sα,ωα,Dα,Jα) to (S0α,ω0α,D0α,J0α). Hence qα can be
viewed as an isomorphism of scalar-electromagnetic structures from Dα to D0α. By definition, the family
(Uα,qα)α∈I is the special trivializing atlas of the scalar-electromagnetic bundle D defined by the convex
cover (Uα)α∈I and by the data m0 and (mα, λα)α∈I . Since any scalar-electromagnetic bundle admits
such an atlas, it follows that any scalar-electromagnetic bundle is locally isomorphic with a topologically
trivial scalar-electromagnetic bundle.
For any α, β ∈ I such that Uαβ 6= ∅ and any m ∈ Uαβ , the restriction of the unbased isomorphism
qβ ◦ q−1α : S0α|Eαβ → S0β |Eαβ to the fiber {m} ×M can be identified with the unbased automorphism
fαβ(m) ∈ Autub(S) of S given by:
fαβ(m) = Tcαβm ,
where cαβm is the closed path defined in (2.7). This unbased automorphism of S linearizes the isometry
gαβ(m) ∈ Iso(M,G, Φ) of M given by the transition function gαβ . Since J and ω and the vertical
connection induced by D are T-invariant, we have fαβ(m) ∈ Aut(D) = AutubM,G,Φ(S, D, ω, J). This gives
maps fαβ : Uαβ → Aut(D), which we call the extended transition functions of the special trivializing atlas
(Uα,qα)α∈I . Notice that gαβ are uniquely determined by fαβ . In addition, notice that fαβ satisfy the
cocycle condition:
fβγfαβ = fαγ , (4.3)
which implies the cocycle condition (3.3) for gαβ .
When D is integrable, any homotopy between paths in M lifts to a homotopy between the horizontal
lifts of those paths in E. This implies that the transition functions fαβ are constant on Uαβ and hence
they can be viewed as elements of Aut(D) which cover gαβ ∈ Iso(M,G, Φ).
4.4. The fundamental bundle form and field of an electromagnetic bundle. Consider a scalar-electromagnetic
bundle D = (pi,Φ,Ξ) with associated electromagnetic bundle Ξ = (S,ω,D,J) and Kaluza-Klein space
pi : (E, h)→ (M, g). Let:
Dad : Γ (E,End(S))→ Ω1(E,End(S)) ,
be the connection induced by D on the endomorphism bundle End(S) of S.
Definition 4.9. The fundamental bundle form Θ of D is the End(S)-valued one-form defined on E as
follows:
Θ
def.
= DadJ ∈ Ω1(E,End(S)) .
The fact J is vertical together with the fact that the decomposition TE = H ⊕V is h-orthogonal implies
that we have:
Θ ∈ Γ (E, V ∗ ⊗ End(S)) .
Definition 4.10. The fundamental bundle field Ψ of D is the End(S)-valued vector field defined on E
as follows:
Ψ
def.
=
(
]h ⊗ IdEnd(S)
) ◦DadJ ∈ Γ (E, V ⊗ End(S)) .
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We denote by End(Sm) = End(S)|Em the restriction of End(S) to Em, which becomes the endomorphism
bundle of the vector bundle Sm. We denote by Θm def.= Θ|Em the restriction of Θ to Em, which is a section
of V ∗|Em ⊗ End(Sm), namely:
Θm ∈ Γ (Em, V ∗|Em ⊗ End(Sm)) .
Likewise, we define Ψm
def.
= Ψ|Em , which is a section of V |Em ⊗ End(Sm):
Ψm ∈ Γ (Em, V |Em ⊗ End(Sm))
Since V ⊂ TE is the vertical integrable distribution integrated by the fibers of pi : (E, h)→ (M, g) (which
by assumption are connected), we have V |Em ' TEm and we obtain:
Θm = Ω
1(Em, End(Sm)) , Ψm ∈ X(Em, End(Sm)) .
The extended horizontal transport Tγ along paths γ ∈ P(M) induces various isomorphisms of spaces of
sections of the appropriate vector bundles. For simplicity we denote all these isomorphisms by the same
symbol. For instance, Tγ induces the following isomorphism:
Tγ : Ω
1(Eγ(0), End(Sγ(0))) ∼−→ Ω1(Eγ(1), End(Sγ(1))) ,
whose explicit action on homogeneous elements α⊗Σ ∈ Ω1(Eγ(0), End(Sγ(0))), with α ∈ Ω1(Eγ(0)) and
Σ ∈ Γ (Eγ(0), End(Sγ(0))) is given by:
Tγ · (α⊗Σ) = (T−1γ )∗α⊗ (Tγ ·Σ) .
Here Tγ ·Σ ∈ Γ (Eγ(1), End(Sγ(1))). The explicit evaluation of Tγ ·Σ : Sγ(1) → Sγ(1) on sections of Sγ(1)
takes the form:
(Tγ ·Σ)(ξ) = Tγ ·Σ(T−1γ · ξ) = Tγ ·Σ(T−1γ ◦ ξ ◦ Tγ) = Tγ ◦Σ ◦T−1γ ◦ ξ , ξ ∈ Γ (Eγ(1),Sγ(1)) .
As a general rule, and for simplicity in the notation, we will denote the action induced by extended
horizontal transport Tγ on a given module of sections by “ · ”, whereas we will denote by “ ◦ ” the
action induced by Tγ as an unbased automorphism of the given bundles
4. The explicit form of the action
represented by “ · ” will depend on the particular details of the module of sections which is acted upon
and should be clear from the context. Likewise, the explicit form of the action represented by “ ◦ ” will
depend on the bundles involved. The reader is referred to appendix D of [5] and to remark 4.2 for detail
about the explicit form of the various actions induced by Tγ .
Let us fix m0 ∈ M . The fact that the restriction Ψm0 of the fundamental bundle field Ψ to Em0 is
a vector field over Em0 taking values on End(Sm0) together with the fact that the extended horizontal
transport Tγ preserves the flat symplectic connection on S and covers isometries, implies:
Tγ ·Θm0 = Θm , ∀m ∈M , (4.4)
Tγ · Ψm0 = Ψm , ∀m ∈M , (4.5)
where γ ∈ P(M) is a path in M with initial point γ(0) = m0 and final point γ(1) = m. We conclude that
the isomorphism type of the restriction of the fundamental bundle form Θ and the fundamental bundle
field Ψ to Em does not depend on the point and hence will be denoted by Θ and Ψ , respectively.
Remark 4.2. Equation (4.4) follows from the following computation5:
Tγ ·Θm0 = Tγ ·Dadm0(T−1γ ·Tγ · Jm0) = Tγ ·Dadm0(T−1γ · Jm) = Dadm Jm = Θm ,
where we have used the fact that Tγ preserves Dm0 and Dm, i.e.:
Dadm (ξ) = Tγ ·Dadm0(T−1γ · ξ) = Tγ ·Dadm0(T−1γ ◦ ξ ◦ Tγ) , ∀ ξ ∈ Γ (Em,Sm) , (4.6)
4 Unfortunately, we cannot use the same notation as in [5] since bold letters have in this article a different meaning.
5 Equation (4.5) can be proved similarly.
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as well as the relations:
(Tγ · Jm0)(ξ) = Tγ · Jm0(T−1γ · ξ) = Tγ · (Jm0 ◦T−1γ ◦ ξ ◦ Tγ)
= Tγ ◦ (Jm0 ◦T−1γ ◦ ξ ◦ Tγ) ◦ T−1γ = Tγ ◦ Jm0 ◦T−1γ ◦ ξ = Jm(ξ) , (4.7)
which hold for all ξ ∈ Γ (Em,Sm). Notice that the Tγ-action symbols “ · ” and “ ◦ ” in equations (4.6)
and (4.7) have a different meaning depending on the step and the sections involved. In equation (4.6) we
have:
Dadm0(T
−1
γ ◦ ξ ◦ Tγ) ∈ Ω1(Em0 ,Sm0)
and evaluating on a vector field X ∈ X(Em) we obtain:
ιXD
ad
m (ξ) = Tγ ◦
(
ιT−1γ∗ XD
ad
m0(T
−1
γ ◦ ξ ◦ Tγ)
)
◦ T−1γ ∈ Γ (Em,Sm) .
Likewise, in the second step of equation (4.7) we use:
T−1γ · ξ = T−1γ ◦ ξ ◦ Tγ ∈ Γ (Em0 ,Sm0) , ξ ∈ Γ (Em,Sm) ,
where T−1γ in the left hand side acts through “ · ” as the isomorphism of modules:
T−1γ : Γ (Em,Sm)→ Γ (Em0 ,Sm0) ,
whereas T−1γ in the right-hand-side acts through “ ◦ ” as composition with the unbased automorphism
T−1γ : Sm → Sm0 of vector bundles covering T−1γ .
The following proposition follows from the previous discussion and summarizes the isomorphism type of
a fundamental bundle field Ψ. Similar remarks apply for the fundamental bundle form Θ.
Proposition 4.1. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic structure of type:
D = (M,G, Φ,S, D, ω, J)
Then the isomorphism type of the fundamental bundle form Θ of D is given by:
Θ
def.
= Θm0 = D
adJ ∈ Ω1(M, End(S)) ,
while the isomorphism type of the fundamental bundle field Ψ of D is given by:
Ψ
def.
= Ψm0 =
(
]G ⊗ IdEnd(S)
)
DadJ ∈ X(M, End(S)) .
Now let s ∈ Γ (pi) be a section of pi : (E, h)→ (M, g). The pull-backs through s of Φ and Ψ satisfy:
Φs ∈ Γ (M, (V ∗)s ⊗ End(Ss)) , Ψs ∈ Γ (E, V s ⊗ End(Ss)) .
These objects will be used in section 5 in the formulation of GESM theories.
5. Generalized Einstein-Section-Maxwell theories
In this section, we define Generalized Einstein-Section-Maxwell theories, or GESM theories for short,
in terms of a set of partial differential equations globally formulated on (M, g). A GESM theory is a
generalization of the generalized Einstein-Scalar-Maxwell theory introduced in reference [5], obtained by
promoting the standard sigma model of the latter to a section sigma model in which the scalar map
is replaced by a section of the corresponding Lorentzian submersion. When the horizontal distribution
H ⊂ TE of the section sigma model is integrable, GESM theories can be used to systematically generalize
in a globally nontrivial way the bosonic sector of four-dimensional ungauged supergravity theories.
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5.1. The polarization condition and the electromagnetic equation. Before defining the complete GESM
theory, we consider in this subsection a truncated version consisting of a section sigma model coupled
to a generically non-trivial duality bundle. We call such theory a Generalized Section-Maxwell theory, or
GSM theory for short.
Definition 5.1. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic bundle with associated Kaluza-Klein space
pi : (E, h) → (M, g) and let s ∈ Γ (pi) be a section of pi. An electromagnetic field strength is a two-form
V ∈ Ω2(M,Ss) having the following properties:
1. V is positively-polarized with respect to Js, i.e. the following relation is satisfied:
∗gV = −JsV .
2. V satisfies the electromagnetic equation with respect to s:
dDsV = 0 . (5.1)
We denote by Ω2+,sg,S,J the sheaf of Ss-valued two-forms which are positively-polarized with respect to
Js, thus Ω2+,sg,S,J(M) denotes the space of Ss-valued two-forms on M which are positively-polarized with
respect to Js.
Definition 5.2. The sheaf of electromagnetic field strengths is the sheaf Esg,D,J of vector spaces defined
as follows:
Esg,D,J(U) def.= {V ∈ Ω2+,sg,S,J(U) , | dDsV = 0} ,
for every open set U ⊂ M . The vector space of global electromagnetic field strengths in M is then given
by Esg,D,J(M).
Definition 5.3. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic bundle with associated Kaluza-Klein space
pi : (E, h)→ (M, g). The configuration sheaf ConfD of a GSM theory associated to D is the sheaf of sets
defined as follows:
ConfD(U)
def.
=
{
(s,V) , | s ∈ Γ (pi|U ) , V ∈ Ω2+,sg,S,J(U)
}
,
for every open set U ⊂M .
Definition 5.4. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic bundle with associated Kaluza-Klein space
pi : (E, h)→ (M, g). The GSM theory associated to D is defined by the following set of partial differential
equations on (M, g)6:
ES(s,V) def.= τv(h, s) + (gradhΦ)s −
1
2
(∗V ,ΨsV) = 0 , EK(s,V) def.= dDsV = 0 ,
with unknowns given by pairs (s,V) ∈ ConfD(M).
Definition 5.5. The solution sheaf of a GSM theory associated to a scalar-electromagnetic bundle D =
(pi,Φ,Ξ) is the sheaf of sets is given by:
SolgD(U)
def.
= {(s,V) ∈ ConfD(U) , | ES(s,V) = 0 , EK(s,V) = 0} ,
for every open set U ⊂M .
GSM theories generalize in a non-trivial way four-dimensional Maxwell-theory not only by coupling the
theory to a section-sigma model instead of a standard sigma model, but also by coupling the field strengths
appearing in the standard formulation of the theory to a generically non-trivial flat symplectic vector
bundle. Many interesting aspects of these theories, such as their quantization and existence of solutions,
remain to be explored even for the case when the theory is not coupled to a section sigma model.
6 The meaning of the symbol (−,−) will be explained in a moment, see definition 5.7.
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5.2. The complete GESM theory. We are now ready to define GESM theories. In physics terms, a GESM-
theory is a theory of gravity coupled to an arbitrary number of scalars and an arbitrary number of
gauge fields with a potential which depends exclusively on the scalars. The formulation given below is
appropriate for non-contractible space-times and should be sufficiently rich to accommodate the classical
limit of string theory U-folds when the GESM theory is considered as a global formulation of the bosonic
sector of four-dimensional supergravity on such space-times.
Definition 5.6. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic bundle with associated Lorentzian sub-
mersion pi : (E, h)→ (M, g). The configuration sheaf of a GESM-theory defined by D is the sheaf of sets
given by:
ConfD(U)
def.
=
{
(g, s,V) , | g ∈ Met3,1(U) , s ∈ Γ (pi|U ) , V ∈ Ω2+,sg,S,J(U)
}
,
for every open set U ⊂M .
The exterior pairing ( , )g is the pseudo-Euclidean metric induced by g on the exterior bundle ∧M .
Definition 5.7. The twisted exterior pairing ( , ) := ( , )g,Qs is the unique pseudo-Euclidean scalar
product on the twisted exterior bundle ∧M (Ss) which satisfies:
(ρ1 ⊗ ξ1, ρ2 ⊗ ξ2)g,Qs = (ρ1, ρ2)gQs(ξ1, ξ2) ,
for any ρ1, ρ2 ∈ Ω•(M) and any ξ1, ξ2 ∈ Γ (M,Ss). Here Qs(ξ1, ξ2) = ωs(Jsξ1, ξ2) and the superscript
denotes pull-back by s.
For any vector bundle W , we trivially extend the twisted exterior pairing to a W -valued pairing (which
for simplicity we denote by the same symbol) between the bundles W ⊗ (∧M (Ss)) and ∧M (Ss). Thus:
(e⊗ η1, η2)g,Qs def.= e⊗ (η1, η2)g,Qs , ∀ e ∈ Γ (M,W ) , ∀ η1, η2 ∈ ∧M (Ss) .
The inner g-contraction of 2-tensors is the bundle morphism g : (⊗2T ∗M)⊗2 → ⊗2T ∗M uniquely
determined by the condition:
(α1 ⊗ α2)g (α3 ⊗ α4) = (α2, α3)gα1 ⊗ α4 , ∀α1, α2, α3, α4 ∈ Ω1(M) .
We define the inner g-contraction of 2-forms to be the restriction of g to ∧2T ∗M⊗∧2T ∗M g→ ⊗2T ∗M .
Definition 5.8. The twisted inner contraction of Ss-valued 2-forms is the unique morphism of vector
bundles  : ∧2M (Ss)×M ∧2M (Ss)→ ⊗2(T ∗M) which satisfies the condition:
(ρ1 ⊗ ξ1) (ρ2 ⊗ ξ2) = Qs(ξ1, ξ2)ρ1 g ρ2 ,
for all ρ1, ρ2 ∈ Ω2(M) and all ξ2, ξ2 ∈ Γ (M,Ss).
Definition 5.9. Let D = (pi,Φ,Ξ) be a scalar-electromagnetic bundle with associated Kaluza-Klein space
pi : (E, h)→ (M, g). The GESM theory associated to D is defined by the following set of partial differential
equations on (M, g):
• The Einstein equations7:
EE(g, s,V) def.= G(g)− κT(g, s,V) = 0 , (5.2)
where T(g, s,V) ∈ Γ (M,S2T ∗M) is the energy-momentum tensor of the theory, which is given by:
T(g, s,V) = g ev0(g, h, s)− hsV +
g
2
Φs + 2 V V .
• The scalar equations:
ES(g, s,V) def.= τv(g, h, s) + (gradhΦ)s −
1
2
(∗V ,ΨsV) = 0 . (5.3)
7 We denote Einstein’s gravitational constant by κ.
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• The electromagnetic (or Maxwell) equations:
EK(g, s,V) def.= dDsV = 0 . (5.4)
with unknowns given by triples (g, s,V) ∈ ConfD(M).
Definition 5.10. The solution sheaf SolD of a GESM theory associated to a scalar-electromagnetic bundle
D = (pi,Φ,Ξ) is the sheaf of sets given by:
SolD(U)
def.
= {(g, s,V) ∈ ConfD(U) | EE(g, s,V) = 0 , ES(g, s,V) = 0 , EK(g, s,V) = 0}
for every open set U ⊂M .
For any open set U ⊂M and any scalar-electromagnetic structure D, let ConfD(U) and SolD(U) denote
the configuration and solution sets of the generalized Einstein-Scalar-Maxwell theory defined in [5].
Theorem 5.1. LetD = (pi,Φ,Ξ) be an scalar-electromagnetic bundle of type D = (M,S, ω,D, J), whose
Kaluza-Klein space is integrable. Then any special trivializing atlas (Uα,qα)α∈I of D induces bijections:
Cα : ConfD(Uα)
∼−→ ConfD(Uα)
which restrict bijections:
Cα : SolD(Uα)
∼−→ SolD(Uα) .
Proof. Given (gα, sα,Vα) ∈ ConfD(Uα), we set:
Cα(gα, sα,Vα) def.= (gα, ϕα,Vα) ,
where ϕα and Vα are defined as follows:
• As explained in Subsection 4.3, the special trivializing atlas (Uα,qα) is underlined by a special
trivializing atlas (Uα, qα) of the fiber bundle pi : E →M , whose trivializing maps are diffeomorphisms
qα : Eα
def.
= pi−1(Uα) → E0α = Uα ×M. This allows us to define smooth maps ϕα ∈ C∞(Uα,M) such
that sα = q
−1
α ◦ graph(ϕα) as in Subsection 3.4:
ϕα
def.
= qˆα ◦ sα = ungraph(qα ◦ sα) = p0α ◦ qα ◦ sα .
• As explained in Subsection 4.3, the maps qα : (Sα,ωα,Dα,Jα) ∼→ (S0α,ω0α,D0α,J0α) = (Sp
0
α , ωp
0
α , Dp
0
α , Jp
0
α)
are unbased isomorphisms of electromagnetic structures which linearize the diffeomorphisms qα. They
induce isomorphisms:
q(sα)α : (Ssαα ,ωsαα ,Dsαα ,Jsαα ) ∼→ (Sϕ
α
, ωϕ
α
, Dϕ
α
, Jϕ
α
)
def.
= Dϕα ,
where we noticed that (S0α)sα = (Sp
0
α)sα = Sϕα and we used the fact that the horizontal part of D0α
is the trivial flat connection. This allows us to identify Vα with the Sϕα-valued two-form defined on
Uα through:
Vα def.= q(sα)α (Vα) ∈ Ω2(Uα,Sϕ
α
) . (5.5)
The relation Jϕ
α ◦ q(sα)α = q(sα)α ◦ Jsαα implies:
Vα ∈ Ω2+,sαgα,Ssαα ,Jsαα (Uα) iff V
α ∈ Ω2+,ϕα
gα,Sϕα ,Jϕα (Uα) (5.6)
The fact that Cα is bijective follows immediately from its definition. The fact that Cα induces a bijection
between solution sets follows from the equivalences:
EDE (gα, sα,Vα) = 0⇔ EDE (gα, φα,Vα) = 0 , EDS (gα, sα,Vα) = 0⇔ EDS (gα, φα,Vα) = 0
EDK (gα, sα,Vα) = 0⇔ EDK(gα, φα,Vα) = 0 . (5.7)
This follows by a direct but somewhat lengthy computation using relations (5.6), which we will not
reproduce here. For example, it is easy to see that the relation dDϕα ◦ q(sα)α = q(sα)α ◦ dDsα implies that
the electromagnetic equation dDsαVα = 0 is equivalent with the equation dDϕαVα = 0.
Remark 5.1. Together with the results of [5], Theorem 5.1 shows that a GESM theory represents an
admissible global extension of the locally-formulated bosonic theories considered by physicists in the
context of supergravity.
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5.3. U-fold interpretation of globally-defined solutions in the integrable case. Let D = (pi,Φ,Ξ) be an
integrable scalar-electromagnetic bundle and let (Uα,qα)α∈I be a special trivializing atlas for pi. Let
s ∈ Γ (pi) be a global section of pi and V ∈ Ω2(M,Ss) be a two-form defined on M and valued in the
pulled-back bundle Ss. Let:
gα
def.
= g|Uα , sα def.= s|Uα , Vα def.= V |Uα
and Cα(gα, sα,Vα) = (gα, ϕα,Vα). Relations (5.5) imply the gluing conditions:
Vβ |Uαβ = fsαβVα|Uαβ , (5.8)
which accompany the gluing conditions (3.5) for ϕα and the trivial gluing conditions:
gα|Uαβ = gβ |Uαβ (5.9)
for gα. When (g, s,V) ∈ SolD(M), we have (gα, sα,Vα) ∈ SolD(Uα) and Theorem 5.1 implies (gα, ϕα,Vα) ∈
SolD(Uα).
Conversely, any family (gα, ϕ
α,Vα)α∈I with (gα, ϕα,Vα) ∈ SolD(Uα) which satisfies conditions (5.9),
(3.5) and (5.8) is obtained by restriction to Uα from a uniquely-determined global solution (g, s,V) of the
equations of motion of the GESM theory defined by the scalar-electromagnetic bundle D. Once again,
this can be formulated in sheaf language, a formulation whose details we leave to the reader. These
observations justify the following:
Definition 5.11. Let D be a scalar-electromagnetic structure. A classical locally-geometric U-fold of type
D is a global solution (g, s,V) ∈ SolD(M) of the equations of motion of a GESM theory defined by a
scalar-electromagnetic bundle D of type D with integrable Kaluza-Klein space. We say that a locally-
geometric U-fold is trivial if the corresponding extended holonomy group G is the trivial group.
6. A simple example
In this section, we show that the celebrated Scherk-Schwarz construction [30] can be understood as
an instance of the integrable case of the general models considered in this paper. Notice from the outset
that, when referring to the Scherk-Schwarz construction, we do not assume the presence of any continuous
isometry group of the scalar manifold and hence that we do not gauge any such putative group.
Let M = R3 × S1, where S1 = {σ = e2piiθ|θ ∈ R} = U(1) denotes the unit circle and let pi1 : M → R3
and pi2 : M → S1 be the canonical projections. Let 1 ∈ S1 be the point which corresponds to θ = 0 and
let g ∈ Met3,1(M) be a Lorentzian metric of the form:
ds2g = ds
2
g3 + (2pi)
2R2dθ2 ,
where g3 is a Lorentzian metric on R3 and R is a positive parameter. In this example, we have pi1(M) '
pi1(S
1) ' Z. Setting x = (x0, x1, x2) ∈ R3, let C def.= {0} × S1 ⊂ M be the circle defined inside M by
the equation x = 0. Orienting C in the direction of decreasing θ (the “clockwise” orientation), its free
homotopy class gives a generator of pi1(M).
Given an n-dimensional Riemannian manifold (M,G), an integrable Kaluza-Klein space (E, h) over
(M, g) with fibers isometric to (M,G) is determined by a morphism of groups ρ : Z → Iso(M,G), i.e.
by an element UC
def.
= ρ(1) ∈ Iso(M,G) which describes the Ehresmann holonomy of E along C. Let
piE : E →M be the projection of E and U be its Ehresmann transport.
Consider the restriction of E to C, which has total space F
def.
= pi−1E (C) and projection piF
def.
= piE |F .
For simplicity, we denote the fiber of F above a point (0, σ) ∈ C by Fσ. For each point m = (x, σ) ∈M ,
the Ehresmann transport along the curve γm : [0, 1]→M defined through γm(t) = ((1− t)x, σ) gives an
isometry Um : Em → Fσ. These isometries allow us to identify E with the pull-back bundle pi∗2(F ) by
sending any point e ∈ Em to the point (m,Um(e)) ∈ pi∗2(F )m = {m}×Fσ. Moreover, we can identify the
fiber F1 with the Riemannian manifold (M,G).
For any σ ∈ S1 = U(1), let `σ : [0, 1]→ C be the curve in C defined by `σ(t) = (0, ei(1−t) arg(σ)), where
arg(σ) ∈ [0, 2pi). Notice that this “clockwise”-oriented curve satisfies `σ(0) = (0, σ) and `σ(1) = (0, 1).
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The concatenation `σ ·γm is a curve which connects m to the point (0, 1) ∈ C. The Ehresmann transport
along this curve gives an isometry Vσ ◦ Um : Em → F1, where Vσ : Fσ → F1 is the Ehresmann transport
along `σ. Thus sections s ∈ Γ (piE) of E correspond to maps ϕ : M → F1 = M defined through the
relation:
ϕ(x, σ)
def.
= (Vσ ◦ Um)(s(x, σ)) . (6.1)
Recall that UC = ρ(1) denotes the Ehresmann holonomy of (E, h) around C, where C is oriented “clock-
wise”. Identifying the free fundamental group pi1(M) with the based first homotopy group pi1(M, (0, 1)),
we have UC = lim→0+ Vσ , where for  ∈ (0, 1) we defined σ def.= e2pii(1−). Using this in (6.1) gives:
lim
→0+
ϕ(x, σ) = (UC ◦ Um)(s(x, 1)) = UC(ϕ(x, 1)) ,
where noticed that ϕ(x, 1) = Um(s(x, 1)) since V1 = idM. Thus ϕ(x, σ) has a branch cut in σ at σ = 1,
with monodromy UC = ρ(1) along S
1. Accordingly, ϕ(x, σ) can be extended to a multivalued function of
σ having this monodromy.
The identification (6.1) shows that the section sigma model defined by (M, g) and (E, h) can be
interpreted as a variant of the ordinary sigma model with source (M, g) and target (M,G) which is
obtained by promoting ϕ from an ordinary map to a multivalued map having monodromy UC = ρ(1)
around S1. Mathematically, this is equivalent with an ordinary smooth map ϕ˜ : R4 →M defined on the
universal covering space R4 of M and which satisfies the quasi-periodicity condition:
ϕ˜(x, θ + 1) = UC(ϕ˜(x, θ)) . (6.2)
Hence the section sigma model of this simple example gives a geometric encoding of the Scherk-Schwarz
construction applied to the ordinary sigma model with source (M, g) and target (M,G). One can similarly
check that the Abelian vector fields of the full GESM model can be described in this example through
Scherk-Schwarz type monodromy conditions — except that, as in [5,6,7], we allow for a twist by a
symplectic vector bundle defined on (M,G) in the case when M is not simply-connected. Unlike the
formulation in terms of universal covering spaces or multivalued functions (which is quite cumbersome8
when studying dynamics through the equations of motion, especially in the presence of Abelian gauge
fields), the description provided by the GESM theory is intrinsic.
In view of the above, the physics-oriented reader may choose to think of the integrable case of the
general construction presented in this paper as a global geometric formulation of the “ultimate general-
ization” of the Scherk-Schwarz construction to the case of arbitrary non-contractible space-times, while
allowing for “duality twists” of the Abelian vector fields when the typical fiber M of the generalized
Kaluza-Klein space E is not simply-connected. While this interpretation can help make the construction
of this paper seem less unfamiliar, a few features should be kept in mind in order to prevent misunder-
standing. First, in the example above we do not assume that the radius R of the circle is small since
we are are not interested in reducing a four-dimensional theory to three dimensions but in describing a
four-dimensional theory on the non-simply connected space-time M = R3 × S1. Second, we do not gauge
any putative continuous isometry group; in fact, our construction does not require that (M,G) admit any
continuous group of isometries (in particular, the group Iso(M,G) can be discrete). Due to this fact, the
geometric U-folds constructed in this paper need not be solutions of gauged supergravity and the Abelian
gauge fields of a GESM theory need not originate from “gauging” of any continuous isometry group.
7. Conclusions and further directions
The present paper extends ordinary Einstein-Scalar-Maxwell theory in a few directions so it may be
useful to summarize our main results:
1. We generalized the ordinary scalar sigma model from a theory of maps to a theory of sections of a
Lorentzian Kaluza-Klein space, whose solutions have an interpretation as “classical U-folds” in the
integrable case. This generalized model is what we call the section sigma model.
8 Notice that the the fundamental group pi1(M) may not even be finitely-generated, since typically the space-time M is
not compact.
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2. We gave a global mathematical formulation of the coupling of the section sigma model to Abelian
gauge fields, consistent with electromagnetic-duality and without assuming topological triviality of
space-time, of the fibers of the Kaluza-Klein space or of the duality bundle. This produces what
we call a Generalized Einstein-Section-Maxwell (GESM) theory, a theory that provides a non-trivial
global realization of the generic bosonic sector of four-dimensional supergravity in a manner which is
consistent with electromagnetic duality.
3. When the Kaluza-Klein space is integrable, we showed that the GESM theory is locally indistin-
guishable from the generalized ESM theory of [5] and that its global solutions correspond to classical
locally-geometric U-folds. This can be viewed as a rigorous mathematical definition of classical locally-
geometric U-folds with scalar and Abelian gauge fields in the language of global differential geometry.
4. When the Kaluza-Klein space is not integrable, we showed that GESM theories are locally equivalent
with modified sigma models of maps into the fiber coupled to Abelian gauge fields, which differ locally
from ordinary ESM theories.
The locally-geometric classical U-folds described in this paper further generalize those constructed in
in [5]. From the perspective of the present paper, the special situation discussed in op. cit. corresponds
to the particular case when pi is a topologically trivial fiber bundle whose Ehresmann connection is the
trivial integrable connection but whose typical fiber (M,G) is not simply-connected.
The present work opens up various directions for further research. First, it is natural to consider the
supersymmetrization of our theories. When the Kaluza-Klein space is integrable, this can be achieved
by building fibered and twisted versions of four-dimensional supergravities coupled to matter, which are
locally-indistinguishable (but globally different) from the latter. Imposing the appropriate supersymmetry
constraints on a GESM theory turns out to be quite subtle. When the Kaluza-Klein space is not integrable,
our bosonic theories differ locally from the bosonic sector of ordinary four-dimensional supergravities
coupled to matter and hence may lead to new locally-defined supergravity models provided that one can
find appropriate local supersymmetrizations. In this regard, we mention that all known “no-go theorems”
regarding uniqueness of (ungauged) supergravity theories in four dimensions assume that the bosonic
sector is described locally by an ordinary sigma model coupled to Abelian gauge fields. This is not the
case if one takes the bosonic sector to be described by a section sigma model whose Kaluza-Klein space
is not integrable.
Our formulation allows classical locally-geometric U-folds to be approached using the well-developed
tools of global differential geometry and global analysis. This could be used to shed light on the classifica-
tion of U-fold solutions, on moduli spaces of such and to construct new classes of classical locally-geometric
U-folds. It would be interesting to extend our constructions to dimensions different from four as well as
to the case of Euclidean signature and to study how they may relate to “dimensional reduction” on
generalized Kaluza-Klein spaces. It would also be interesting to study various deformation problems for
the structures arising in this construction. As a long-term project, it would be very interesting to gauge
our models and to relate them to the appropriate extensions of gauged supergravity theories. The reader
should also notice that GESM theories contain a “twisted” generalization of the standard Maxwell theory
of Abelian gauge fields on Lorentzian four-manifolds which are not simply-connected, a theory which may
itself be of some interest.
A. Pseudo-Riemannian submersions and Kaluza-Klein metrics
A.1. Horizontal distributions and related notions. For any surjective submersion pi : E → M with
dimE > dimM and connected fibers, let V
def.
= ker(dpi) ⊂ TE denote the vertical distribution of pi.
The differential of pi induces an unbased linear epimorphism of vector bundles TE → TM which covers
pi. This can be identified with a based epimorphism βpi : TE → (TM)pi. We have a short exact sequence
of vector bundles over E and based morphisms of vector bundles:
0 −→ V ↪→ TE βpi−→ (TM)pi −→ 0 . (A.1)
A horizontal distribution for pi is a distribution H ⊂ TE such that TE = H⊕V ; giving such a distribution
amounts to giving a splitting of the sequence (A.1). Let H(pi) denote the set of horizontal distributions
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for pi. Given a horizontal distribution H, let PV and PH denote the complementary projectors of TE on
V and H and define XH
def.
= PHX and XV
def.
= PVX for any vector field X ∈ X (E). The differential dpi
induces a based isomorphism of vector bundles (dpi)H
def.
= βpi|H : H ∼→ (TM)pi. The horizontal lift of a
vector field X ∈ X (M) is the vector field X ∈ X (E) defined through:
X
def.
= (dpi)−1H (X
pi) ∈ Γ (M,H) .
Given a smooth section s ∈ Γ (pi), let ds : TM → TE be the differential of s, viewed as an unbased
morphism of vector bundles from TM to TE covering s. The vertical differential of s is the unbased
morphism of vector bundles dvs : TM → V defined through:
dvs
def.
= PV ◦ ds ,
which covers s. Notice that dvs can also be viewed as a V s-valued one-form d̂vs ∈ Hom(TM, V s) '
Γ (M,T ∗M ⊗ V s). When no confusion is possible, we will denote d̂vs simply by dvs.
A vertical tensor field defined on E is a section t ∈ Γ (E,⊗kV ∗), which can also be viewed as an
element t ∈ Hom(⊗kV,RE), where RE denotes the trivial real line bundle defined on the total space of
E. The vertical differential pullback of t through a section s ∈ Γ (pi) of pi is the tensor field defined on M
through:
s∗v(t)
def.
= ts ◦ (⊗kd̂vs) ∈ Hom(⊗kTM,RM ) ' Γ (M,⊗kT ∗M) ,
where we noticed that RsE = RM .
Any connection ∇ on TE induces connections ∇V = PV ◦ ∇ on V and ∇H = PH ◦ ∇ on H, called
the vertical and horizontal connections induced by ∇ relative to H.
A.2. Vertically non-degenerate metrics. A pseudo-Riemannian metric h on E is called vertically non-
degenerate with respect to pi if its restriction hV to V is non-degenerate. Then the bundle H(h) of tangent
vectors to E which are h-orthogonal to V is a complement of V inside TE:
TE = V ⊕H(h)
called the horizontal distribution determined by pi and h. Moreover, h restricts to a non-degenerate metric
hH on H(h).
Let h be a vertically non-degenerate metric with respect to pi and let H
def.
= H(h). Let ∇V and ∇H
denote the vertical and horizontal covariant derivatives induced by the Levi-Civita connection of (E, h).
Notice that hV
def.
= h|V ∈ Γ (E,Sym2(V ∗)) is a symmetric vertical 2-tensor field defined on E.
Definition A.1. The vertical first fundamental form of a section s ∈ Γ (pi) is the symmetric 2-tensor
field s∗v(hV ) ∈ Γ (M,Sym2(T ∗M)):
s∗v(hV )(X,Y )
def.
= hV ((d
vs)(X), (dvs)(Y )) , ∀X,Y ∈ X (M) .
Given a metric g on M , the vertical second fundamental form of s is the tensor field Sv(s)
def.
= ∇d̂vs,
where ∇ is the connection induced on the bundle T ∗M ⊗ V s by the Levi-Civita connection of (M, g) and
by the s-pullback of ∇V , while dvs is the vertical differential of s relative to the horizontal distribution
H(h).
Remark A.1. Notice that Sv(s) need not be symmetric (even when pi is a pseudo-Riemannian submersion
with totally geodesic fibers, see below).
A.3. The Kaluza-Klein correspondence. Recall the notion of pseudo-Riemannian submersion [17, Chapter
7, Definition 44]:
Definition A.2. Let pi : E →M be a surjective submersion and h, g be pseudo-Riemannian metrics on
E and M respectively. We say that pi is a pseudo-Riemannian submersion from (E, h) to (M, g) if the
following two conditions are satisfied:
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1. h is vertically non-degenerate with respect to pi, i.e. the restriction of h to V is non-degenerate.
2. The based isomorphism (dpi)H : H
∼→ (TM)pi is an isometry from (H,hH) to ((TM)pi, gpi).
Let pi : E → M be a surjective submersion. Given a pseudo-Riemannian metric g on M , the pseudo-
Riemannian metrics h on E which make pi : E → M into a pseudo-Riemannian submersion from (E, h)
to (M, g) are parameterized by horizontal distributions H ∈ H(pi) and by non-degenerate metrics on V ,
as we explain below.
Definition A.3. Let g be a pseudo-Riemannian metric on M . A pseudo-Riemannian metric h on E is
called compatible with pi and g if pi is a pseudo-Riemannian submersion from (E, h) to (M, g). It is called
compatible with pi if there exists a pseudo-Riemannian metric g on M such that h is compatible with pi
and g.
Let Metpi,g(E) denote the set of all pseudo-Riemannian metrics on E which are compatible with pi and
g and Metpi(E) denote the set of all pseudo-Riemannian metrics on E which are compatible with pi. For
any h ∈ Met(E) which is vertically non-degenerate, there exists at most one g ∈ Met(M) such that h is
compatible with pi and g. Indeed, g is determined by pi and h through the relation:
g(X,Y ) = h(X,Y ) , ∀X,Y ∈ X (M) ,
whereX and Y denote the horizontal lifts ofX and Y relative toH(h). Thus Metpi(E) = unionsqg∈Met(M)Metpi,g(E).
Let Met(V ) denote the set of pseudo-Riemannian metrics on V .
Definition A.4. Let g ∈ Met(M) be a pseudo-Riemannian metric on M , h ∈ Met(V ) be a pseudo-
Riemannian metric on V and H ∈ H(pi) be a horizontal distribution for pi. The Kaluza-Klein metric
determined by g, h and H is the pseudo-Riemannian metric on E defined through:
hg,h,H(X,Y )
def.
= h(XV , YV ) + g
pi((dpi)H(XH), (dpi)H(YH)) , ∀X,Y ∈ X (E) . (A.2)
Notice that hg,h,H |V = h, so the Kaluza-Klein metric is vertically non-degenerate with respect to pi.
Moreover, we have hg,h,H |H = gpi ◦ ((dpi)H ⊗ (dpi)H), hence (dpi)H is an isometry between the pseudo-
Euclidean distributions (H,hg,h,h|H) and ((TM)pi, gpi). Thus the Kaluza-Klein metric is compatible with
pi and g, i.e. we have hg,h,H ∈ Metpi,g(E) ⊂ Metpi(E).
Definition A.5. The Kaluza-Klein correspondence of pi is the map Kpi : Met(M) ×Met(V ) × H(pi) →
Metpi(E) defined through:
Kpi(g, h, H) def.= hg,h,H ∈ Metpi,g(E) ⊂ Metpi(E) .
The proof of the following statement is obvious:
Proposition A.1. Let h be a pseudo-Riemannian metric on E and g be a pseudo-Riemannian metric
on M . Then the following statements are equivalent:
1. h is compatible with pi and g, i.e. we have h ∈ Metpi,g(E).
2. h is vertically non-degenerate with respect to pi and coincides with the Kaluza-Klein metric determined
by H
def.
= H(h), g and by the metric hV
def.
= h|V ∈ Met(V ).
In particular, h is uniquely determined by H(h), g and hV .
Corollary A.1. For every g ∈ Met(M), the map Kpi(g, ·, ·) : Met(V )×H(pi)→ Metpi,g(E) is bijective. In
particular, the Kaluza-Klein correspondence Kpi is a bijection from Met(M)×Met(V )×H(pi) to Metpi(E).
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Hence any pi-compatible metric h on E determines a unique metric g on M such that h is compatible with
pi and g. Moreover, h is the Kaluza-Klein metric determined by pi, g, a unique vertical metric h ∈ Met(V )
and a unique horizontal distribution H for pi, namely h = hV and H = H(h).
If g ∈ Met(M) has signature (p, q) and h ∈ Met(V ) has signature (pV , qV ), then the Kaluza-Klein
metric h = Kpi(g, h, H) determined by g, h and any horizontal distribution H has signature (p+pV , q+qV ).
When g is Lorentzian, the Kaluza-Klein metric h is Lorentzian iff h is positive-definite, i.e. iff qV = 0.
Let dimM = d and dimE = d + n where n > 0. Then rkV = n. The restriction of the Kaluza-Klein
correspondence gives a bijection:
Kpi : Metd−1,1(M)×Metn,0(V )×H(pi) ∼→ Metd+n−1,1pi (E) ,
where Metd+n−1,1pi (g)
def.
= Metpi(E) ∩Metd+n−1,1(E) is the set of all Lorentzian metrics on E which are
compatible with pi.
Definition A.6. A Lorentzian submersion from (E, h) to (M, g) is a surjective pseudo-Riemannian sub-
mersion from (E, h) to (M, g), where (E, h) and (M, g) are Lorentzian manifolds.
The remarks above show that the set of Lorentzian metrics h on E for which pi : (E, h) → (M, g)
is a Lorentzian submersion is in bijection with the set Metd,0(V ) × H(pi) through the Kaluza-Klein
correspondence.
B. Local description in adapted coordinates
Let pi : (E, h) → (M, g) be a Lorentzian Kaluza-Klein space. Let (W,u0, . . . , u3, y1, . . . , yn) be a pi-
adapted coordinate chart on E with corresponding coordinate chart (U, x0, . . . , x3) on the base, where
U = pi(W ) and uµ = xµ ◦ pi. We use lowercase Greek letters for indices corresponding to the base,
uppercase Latin letters for indices related to the fiber and lowercase Latin letters for indices related to
the total space E.
We have (dpi)( ∂∂uµ ) =
∂
∂xµ and (dpi)(
∂
∂yA
) = 0. Thus ( ∂∂y1 . . .
∂
∂yn ) is a local frame of the vertical
distribution V defined on W . Any local frame e0 . . . e3 of the horizontal distribution H which is defined
on W has the form:
eµ = e
ν
µ
∂
∂uν
+ v Aµ
∂
∂yA
, (B.1)
for some coefficient functions e νµ , v
A
µ ∈ C∞(W,R), where the determinant of the matrix-valued function
e
def.
= (e νµ )µ,ν=0...3 6= 0 does not vanish on W . Setting f := (f νµ )µ,ν=0...3 def.= e−1 ∈ C∞(W,Mat(4,R)), we
have f νµ e
ρ
ν = e
ν
µ f
ρ
ν = δ
ρ
µ and:
∂
∂uµ
= f νµ eν − f Aµ
∂
∂yA
, (B.2)
where we defined:
f Aµ
def.
= f νµ v
A
ν .
We also have (dpi)(eµ) = e
ν
µ
∂
∂xµ . Given a vector field on M locally expanded as X = X
µ ∂
∂xµ , its horizontal
lift defined by H is given by X¯ = Xνf µν eµ, so f
ν
µ are the coefficients of the vertical lift morphism with
respect to the local frames ∂∂xµ of TX and eµ of H:
∂
∂xµ
= f νµ eν .
Let:
hµν
def.
= W h(eµ, eν) , hAB
def.
= W h(
∂
∂yA
,
∂
∂yB
) , gµν
def.
= U g(
∂
∂xµ
,
∂
∂xν
) ,
where hµν and hAB are smooth functions defined on W while gµν are smooth functions defined on U .
Since H and V are h-orthogonal, we have h(eµ,
∂
∂yA
) = 0. Since dpi restricts to an isometry between H
and (TM)pi, we have:
hµν = g
pi
ρσe
ρ
µ e
σ
ν ,
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where gpiµν
def.
= gµν ◦ pi. In the local coordinates chosen, this means:
hµν(u, y) = hµν(u) = hµν(x ◦ pi) = hµν(x) .
Setting:
eµ
def.
= f µρ du
ρ , eA
def.
= dyA − fAµ duµ ,
we have:
eµ(eν) = δ
µ
ν , e
µ(
∂
∂yB
) = 0
eA(eν) = 0 , e
A(
∂
∂yB
) = δAB ,
which shows that (eµ, eA) is the coframe dual to the frame (eµ,
∂
∂yA
). The metric h has the well-known
Kaluza-Klein form:
h =W hµνe
µ  eν + hABeA  eB = gpiµνduµ  duν + hAB(dyA − fAµ duµ) (dyB − fBµ duµ) , (B.3)
which depends only on fAµ . Thus:
hV =W hABe
A  eB = hAB(dyA − fAµ duµ) (dyB − fBµ duµ)
≡ hAB(x, y)(dyA − fAµ (x, y)dxµ) (dyB − fBµ (x, y)dxµ) ,
hH =W hµνe
µ  eν = gpiµνduµ  duν ≡ gµν(x)dxµ  dxν ,
where after the sign ≡ we identified u with x by abuse of notation. Here hAB and fAµ depend on both x
and y.
B.1. Local expression of the vertical differential and of the vertical first fundamental form of a section.
Any section s ∈ Γ (pi) satisfies pi ◦ s = idM , which implies uµ ◦ s =U xµ. Defining:
ϕA
def.
= yA ◦ s|U ∈ C∞(U,R) ,
the section has the local expression:
uµ(s(x)) = xµ , yA = ϕA(x)
in the coordinate charts (U, x) of M and (W,x, y) of E. Setting ∂µϕ
A def.= ∂ϕ
A
∂xµ , we have:
(ds)(
∂
∂xµ
) =
∂
∂uµ
+ ∂µϕ
A ∂
∂yA
= f νµ eν + (∂µϕ
A − f Aµ )
∂
∂yA
,
which gives the local expression of the vertical differential of s:
(dvs)(
∂
∂xµ
) = (∂µϕ
A − fAµ )
∂
∂yA
.
In turn, this gives the local expression of the vertical first fundamental form:
s∗v(hV )(
∂
∂xµ
,
∂
∂xν
) = (hAB ◦ s)(∂µϕA − fAµ ◦ s)(∂νϕB − fBν ◦ s) .
B.2. Local form of the Lagrange density of the section sigma model. Using the formulas obtained above,
we find that the Lagrange density of the section sigma model has the coordinate expression:
evΦ(s) =U g
µν(hAB ◦ s)(∂µϕA − fAµ ◦ s)(∂νϕB − fBν ◦ s) + Φ(s) , (B.4)
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i.e.:
ev(s)(x) =U g
µν(x)hAB(x, ϕ(x))[∂µϕ
A(x)− fAµ (x, ϕ(x))][∂νϕB − fBν (x, ϕ(x))] + Φ(x, ϕ(x)) . (B.5)
Hence the action for a relatively compact subset U0 ⊂ U takes the form:
Ssc,U0 [s] = Ssc,U0 [ϕ] =
∫
U0
d4x
√
|g|{gµν(x)hAB(x, ϕ(x))[∂µϕA(x)− fAµ (x, ϕ(x))][∂νϕB − fBν (x, ϕ(x))]
+Φ(x, ϕ(x))} ,
where |g| def.= |det(gµν)|.
B.3. Local form of the vertical tension field. Let Γ kij = Γ
k
ji denote the Levi-Civita coefficients of h in the
coordinate chart (W,x, y). Thus:
∇ ∂
∂uµ
(
∂
∂uν
) = Γ ρµν
∂
∂uρ
+ ΓAµν
∂
∂yA
= Γ ρµνf
σ
ρ eσ + (Γ
A
µν − Γ ρµνfAρ )
∂
∂yA
∇ ∂
∂uµ
(
∂
∂yA
) = ∇ ∂
∂yA
(
∂
∂uµ
) = Γ νµA
∂
∂uν
+ ΓBµA
∂
∂yB
= Γ νµAf
ρ
ν eρ + (Γ
B
µA − Γ νµAfBν )
∂
∂yB
∇ ∂
∂yA
(
∂
∂yB
) = ΓµAB
∂
∂uµ
+ ΓCAB
∂
∂yC
= ΓµABf
ν
µ eν + (Γ
C
AB − ΓµABfCµ )
∂
∂yC
,
with the symmetry properties Γ ρµν = Γ
ρ
νµ, Γ
C
AB = Γ
C
BA , Γ
µ
AB = Γ
µ
BA, Γ
ν
Aµ = Γ
ν
µA and Γ
B
Aµ = Γ
B
µA. This
gives:
∇v ∂
∂uµ
(
∂
∂uν
) = (ΓAµν − Γ ρµνfAρ )
∂
∂yA
∇v ∂
∂uµ
(
∂
∂yA
) = ∇v ∂
∂yA
(
∂
∂uµ
) = (ΓBµA − Γ νµAfBν )
∂
∂yB
∇v ∂
∂yA
(
∂
∂yB
) = (ΓCAB − ΓµABfCµ )
∂
∂yC
.
On the other hand, we have:
∇ ∂
∂xµ
(
∂
∂xν
) = Kρµν
∂
∂xρ
.
Let ∂Af
C
ν
def.
=
∂fCν
∂yA
. Using the relations above, we compute:
∇v
(ds)( ∂∂xµ )
(dvs(
∂
∂xν
)) = ∇v ∂
∂uµ+∂µϕ
A ∂
∂yA
[
(∂νϕ
B − fBν )
∂
∂yB
]
=
= ∇v ∂
∂uµ
[
(∂νϕ
B − fBν )
∂
∂yB
]
+ ∂µϕ
A∇v ∂
∂yA
[
(∂νϕ
B − fBν )
∂
∂yB
]
=
=
[
∂µ(∂νϕ
C − fCν )− ∂µϕA∂AfCν + (ΓCµA − Γ ρµAfCρ )(∂νϕA − fAν ) + (ΓCAB − Γ ρABfCρ )∂µϕA(∂νϕB − fBν )
] ∂
∂yC
and:
dvs(∇ ∂
∂xµ
(
∂
∂xν
)) = Kρµν(∂ρϕ
C − fCρ )
∂
∂yC
.
Hence the vertical tension filed of s is given by:
τv(s) = gµν
[
∇v
(ds)( ∂∂xµ )
(dvs(
∂
∂xν
))− dvs(∇ ∂
∂xµ
(
∂
∂xν
))
]
= τv(s)C
∂
∂yC
,
where:
τv(s)C = gµν
[
∂µ(∂νϕ
C − fCν )− ∂µϕA∂AfCν + (ΓCµA − Γ ρµAfCρ )(∂νϕA − fAν )+
(ΓCAB − Γ ρABfCρ )∂µϕA(∂νϕB − fBν )−Kρµν(∂ρϕC − fCρ )
]
.
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This can also be written as:
τv(s)C = ∂µ∂µϕ
C +
+ (ΓCAB − Γ ρABfCρ )∂µϕA∂µϕB + [ΓCµA − Γ ρµAfCρ − ∂AfCµ + (Γ ρABfCρ − ΓCAB)fBµ ]∂µϕA (B.6)
−gµνKρµν∂ρϕC + gµνKρµνfCρ + gµν(Γ ρµAfCρ − ΓCµA)fAν − ∂µfCµ .
In particular, the harmonic section equation for s amounts to a system of second order PDEs for the
functions ϕC , which contain terms of order zero and can be viewed as deformations of the d’Alembert
equation.
B.4. Local form of the curvature of H. The Lie bracket of the vector fields given in (B.1) has the form:
[eµ, eν ] = (e
ρ
µ ∂ρe
σ
ν − e ρν ∂ρe σµ + eAµ ∂Ae σν − eAν ∂Ae σµ )
∂
∂uσ
+(e ρµ ∂ρe
C
ν − e ρν ∂ρeCµ + eAµ ∂AeBν − eAν ∂AeBµ )
∂
∂yC
=
= (eρµ∂ρe
σ
ν − e ρν ∂ρe σµ + eAµ ∂Ae σν − eAν ∂Ae σµ )f τσ eτ +
[e ρµ ∂ρe
C
ν − e ρν ∂ρeCµ + eAµ ∂AeCν − eAν ∂AeCµ − fCσ (e ρµ ∂ρe σν − e ρν ∂ρe σµ + eAµ ∂Ae σν − eAν ∂Ae σµ )]
∂
∂yC
.
Hence:
F(eµ, eν) = FCµν
∂
∂yC
,
where:
FCµν = e ρµ ∂ρeCν − e ρν ∂ρeCµ + eAµ ∂AeCν − eAν ∂AeCµ − fCσ (e ρµ ∂ρe σν − e ρν ∂ρe σµ + eAµ ∂Ae σν − eAν ∂Ae σµ ) .
Thus H is integrable iff FCµν = 0. The previous calculation uses a local frame {eµ}µ=0,...,3 of H. Any
other local frame of H defined above W has the form:
e′µ = a
ν
µ eν ,
where a = (a νµ )µ,ν=0...3 is an invertible matrix. We have e
′ = ae and (e′)Aµ = a
ν
µ e
A
ν , thus f
′ = fa−1
and (f ′) Aµ = f
A
µ . The metric (B.3) is invariant under such changes of the local frame of H. Since e is
non-degenerate, by taking a = e−1 we can always insure that e′ = I4. Hence H always admits a local
frame with e νµ = δ
ν
µ, which we call a special frame. For such a frame of H, we have f
ν
µ = δ
ν
µ, f
A
µ = v
A
µ
and:
eµ =
∂
∂uµ
+ v Aµ
∂
∂yA
=
∂
∂uµ
+ f Aµ
∂
∂yA
.
When expressed using a special frame of H, the curvature coefficients become:
FCµν = ∂µfCν − ∂νfCµ + fAµ ∂AfCν − fAν ∂AfCµ . (B.7)
B.5. The case when H is integrable. A simple particular case arises when H|W is Frobenius integrable. In
this situation, one can find adapted coordinates (W,u, y) such that H identifies locally with the integrable
distribution H = (TM)pi (which is spanned by ∂∂u0 . . .
∂
∂u3 ) and such that
∂
∂uµ are invariant under the
Ehresmann transport of H. We can then take eµ =
∂
∂uµ , which corresponds to e
ν
µ = δ
ν
µ and e
A
µ = 0.
Thus fAµ = 0 and the Kaluza-Klein metric reduces to:
h =W g
pi
µνdu
µ  duν + hABdyA  dyB . (B.8)
Since hV is invariant under Ehresmann transport (which proceeds through isometries of the fibers) the
coefficients hAB are independent of x and coincide with the metric coefficients of the fiber:
hAB = GAB(y) . (B.9)
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Hence the metric (B.8) reduces to the product metric g × G. We have ΓCµA = 0, hence the coefficients
(B.6) of the vertical tension field reduce to the local form of an ordinary sigma model:
τv(s)C = ∂µ∂µϕ
C + ΓCAB∂µϕ
A∂µϕB − gµνKρµν∂ρϕC
On the other hand, the restriction of Φ to W is a function:
Φ|W : W → R , (B.10)
which in principle depends both on uµ and yA. Equation (2.2) implies:
dΦ|W = ∂
∂uµ
Φ|W duµ + ∂
∂yA
Φ|W dyA =
(
∂
∂yA
Φ|W − f Aν
∂
∂yA
Φ|W
)
dyA . (B.11)
Since integrability of H|W implies fAµ = 0 (see above), we find that Φ|W only depends on yA:
∂
∂uµ
Φ|W = 0 , dΦ|W = ∂
∂yA
Φ|W dyA . (B.12)
Thus Φ|W (x, y) = ΦW (y) for some function ΦW . This shows that the section scalar sigma model is locally
equivalent with the ordinary scalar sigma model when H is integrable. A more geometric explanation of
this fact is given in Section 3.
B.6. Local expression of the fundamental bundle form Θ and of the fundamental bundle field Ψ. LetD be
a scalar-electromagnetic bundle of type D = (pi,Φ,Ξ) with associated Kaluza-Klein space pi : (E, h) →
(M, g). Let ∆ = (S,ω,D) be the corresponding duality bundle, namely S is a real vector bundle of rank
2r over E endowed with a symplectic structure ω and a compatible flat connection D. As explained in
Section 4, a taming J of (S,ω) is said to be vertical if it satisfies DX ◦ J = J ◦DX for all X ∈ Γ (E,H).
Let (W,u0, . . . , u3, y1, . . . , yn) be a pi-adapted coordinate chart on E, with corresponding coordinate chart
(U, x0, . . . , x3) on M , where U = pi(W ) ⊂ M and uµ = xµ ◦ pi. Let E := (M )M=1,...,2r be a local flat
symplectic frame of S over W ⊂ E and let E∗ := (M )M=1,...,2r denote the dual frame of S∗. In terms of
E and E∗, the restriction of J to W can be written as follows:
J|W = J NM N ⊗ M , (B.13)
where J NM ∈ C∞(W,R). Let H = h(h) ⊂ TE be the horizontal distribution of the Kaluza-Klein space
D. As already explained, H is locally spanned on W by the tangent vector fields eµ of equation (B.1).
Since E is a local flat frame, we have:
D(M ) = 0 .
Using this relation, the verticality condition for J amounts to
DeµJ|W = 0 ,
which in turn is equivalent with:
 νµ
∂
∂uν
J NM + v
A
µ
∂
∂yA
J NM = 0 , (B.14)
where we used (B.13) and (B.1).
Assume now that H is integrable. Without loss of generality, we can than take e νµ = δ
ν
µ and v
A
µ = 0,
thus eµ =
∂
∂uµ (see Subsection B.5). In this case, the verticality condition (B.14) for J reduces to:
∂
∂uµ
J NM = 0 , µ = 0, . . . , 3 . (B.15)
This shows that J NM depend only on y
A. Using the definition of the fundamental bundle form Θ, we
obtain:
Θ|W (eM ) = (DadJ)|W (eM ) = D(J|W (eM )) =
(
∂
∂yA
J NM
)
dyA ⊗ eN .
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Similarly, the fundamental bundle field Ψ is given by:
Ψ|W (eM ) = hAB
(
∂
∂yA
J NM
)
∂
∂yB
⊗ eN .
Let s be a section of pi. The pull-backs by s of Θ and Ψ are given by:
Θs|U (esM ) =
(
∂J NM
∂yA
)
◦ ϕdϕA ⊗ esN , Ψs|Uα(esM ) = GAB ◦ ϕ
(
∂J NM
∂yA
)
◦ ϕ
(
∂
∂yB
)s
⊗ esN , (B.16)
where we used equation (B.9) and we defined:
ϕA = yA ◦ s|U ∈ C∞(U,R) .
Notice that the pullback of J by s has the local form:
Js|U = J NM ◦ ϕesN ⊗ esM .
Let D = (S, ω,D, J) be the type of D and consider a special trivializing atlas (Uα,qα)α∈I for the
scalar-electromagnetic bundle D. This induces local isometric trivializations:
qα : Eα → Uα ×M
of pi : (E, h)→ (M, g) and unbased isomorphisms of electromagnetic structures:
qα : (Sα,ωα,Dα,Jα) ∼→ (S0α,ω0α,D0α,J0α) ,
where Sα def.= S|Uα etc. and:
S0α = Sp
0
α , ω0α = ω
p0α , D0α = D
p0α , J0α = J
p0α .
In turn, qα induce isomorphisms:
q(s)α : (Ssα,ωsα,Dsα,Jsα) ∼→ (Sϕ
α
, ωϕ
α
, Dϕ
α
, Jϕ
α
) .
Setting U = Uα in equation (B.16) gives:
Θα(eαM ) =
(
∂
∂ϕA
J NM (ϕ
α)
)
dϕA ⊗ eαN ,
Ψα(eαM ) = GAB(ϕα)
(
∂
∂ϕA
J NM (ϕ
α)
)
∂
∂ϕB
⊗ eαN . (B.17)
Here Θα
def.
= (ϕα)∗Θ and Ψα def.= (ϕα)∗Ψ (where Φ and Ψ are the fundamental form and fundamental
vector field of D defined in [5]), while eαM = qsα(esM ) form a flat symplectic frame Eα of Sϕ
α
. We conclude
that the local form of Θs and Ψs is consistent with that of generalized Einstein-Scalar-Maxwell theories.
We can identify V |Uα with the bundle-valued form:
Vα = q(s)α (Vα) = FΛeαΛ +GΛeα,Λ ∈ Ω2cl(Uα, Sϕ
α
) ,
where FΛ, GΛ ∈ Ω2cl(Uα) for Λ = 1, . . . , r. In the symplectic frame Eα, the form ϕα(ω) ∈ Ω2(Uα) has
matrix components ωαMN (M,N = 1, . . . , 2r) corresponding to the standard symplectic matrix. The
previous formulas imply:
(∗V ,ΨsV) =Uα (∗VN ,VP )g ωαNM
(
∂
∂ϕA
J MP (ϕ)
)
= −2(∂AGΛ, ∗FΛ)g ,
V V =Uα (ωαNMJ MP )VNµρVPδνgρδdxµ ⊗ dxν ,
as required by local consistency with standard ESM theories. It is now easy to see that the positive
polarization condition:
∗gV = −JsV ,
takes the following form when restricted to Uα:
∗g V = −JϕαV , (B.18)
thus reducing to the local twisted self-duality condition by of an ordinary ESM theory defined on Uα.
Section sigma models coupled to symplectic duality bundles on Lorentzian four-manifolds 33
Acknowledgements. The work of C. I. L. is supported by grant IBS-R003-S1. The work of C. S. S. is supported by
a Humboldt Research Fellowship from the Alexander Von Humboldt Foundation. C.S.S. wishes to thank Vicente
Corte´s for enlightening discussions and for pointing out that the geodesic completeness condition is not necessary
for the construction presented in the paper.
References
1. L. Andrianopoli et al., N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds:
symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111–189.
2. L. Andrianopoli, R. D’Auria and S. Ferrara, U duality and central charges in various dimensions revisited,
Int. J. Mod. Phys. A 13 (1998) 431–490.
3. L. Andrianopoli, R. D’Auria and S. Ferrara, Duality Covariant Formulation of Extended Supergravity: Central
Charges, BPS States and Black-Hole Entropy, Fortschr. Phys. 46 (1998) 3, 285–323.
4. P. Aschieri, S. Ferrara and B. Zumino, Duality Rotations in Nonlinear Electrodynamics and in Extended
Supergravity, Riv. Nuovo Cim. 31 (2008) 625–708.
5. C. I. Lazaroiu, C. S. Shahbazi, Generalized Einstein-Scalar-Maxwell theories and locally geometric U-folds,
arXiv:1609.05872 [hep-th].
6. C. I. Lazaroiu, C. S. Shahbazi, The global formulation of generalized Einstein-Scalar-Maxwell theories,
arXiv:1609.06158 [hep-th].
7. C. I. Lazaroiu, C. S. Shahbazi, Geometric U-folds in four dimensions, J. Phys. A: Math. Theor. 51 (2017)
1, 015207.
8. M. K. Gaillard, B. Zumino, Duality Rotations for interacting fields, Nucl. Phys. B 193 (1981) 221–244.
9. T. Ortin, Gravity and Strings, Cambridge Monographs on Mathematical Physics, 2nd edition, 2015.
10. D. Z. Freedman, A. Van Proeyen, Supergravity, Cambridge Monographs on Mathematical Physics, 2012.
11. C. M. Wood, The Gauss section of a Riemannian immersion, J. London Math. Soc. (2) 33 (1986) 1, 157–168.
12. C. M. Wood, Harmonic sections and Yang - Mills fields, Proc. London Math. Soc. (3) 54 (1987) 3, 544–558.
13. C. M. Wood, Harmonic sections and equivariant harmonic maps, Manuscripta Math. 94 (1997) 1, 1–13.
14. C. M. Wood, Harmonic sections of homogeneous fibre bundles, Diff. Geom. Appl. 19 (2003) 2, 193–210.
15. M. Benyounes, E. Loubeau, C. M. Wood, Harmonic sections of Riemannian vector bundles and metrics of
Cheeger-Gromoll type, Diff. Geom. Appl. 25 (2007) 3, 322–334.
16. C. M. Wood, An existence theorem for harmonic sections, Manuscripta Math 68 (1990) 69–75.
17. B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Pure and Applied Mathematics 103,
Academic Press, New York, 1983.
18. J. P. Bourguignon, A mathematicians visit to Kaluza-Klein theory, Rend. Sem. Mat. Univ. Polit. Torino,
special issue (1989), pp. 143–163.
19. P. A. Hogan, KaluzaKlein theory derived from a Riemannian submersion, J. Math. Phys. 25 (1984) 2301–
2305.
20. D. Betounes, Kaluza-Klein geometry, Diff. Geom. Appl. 1 (1991) 77–88.
21. D. Betounes, Mathematical aspects of Kaluza-Klein gravity, J. Geom. Phys. 51 (2004) 139–165.
22. H. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete 10, Springer, 1987.
23. W. Ziller, Fatness revisited, Lecture notes, University of Pennsylvania, 2001. Available at
www.math.upenn.edu/wziller/papers/Fat-09.pdf.
24. I. Kollar, P. W. Michor, J. Slovak, Natural operations in differential geometry, Springer, 1993.
25. P. W. Michor, Topics in differential geometry, Graduate Studies in Mathematics 93, AMS, 2008.
26. B. O’Neill, The fundamental equations of a submersion, Michigan Math. J. 13 (1966), 459–469.
27. C. Ehresmann, Les connexions infinitesimales dans un espace fibre differentiable, Colloque de topologie
(espaces fibres), Bruxelles, 1950, Georges Thone, Liege, 1951, pp. 29–55.
28. H. Reckziegel, A fiber bundle theorem, Manuscripta Math. 76 (1992) 105–110.
29. D. McDuff and D. Salamon, Introduction to Symplectic Topology, Oxford Mathematical Monographs, 2nd
edition, Oxford Univ. Press, 1998.
30. J. Scherk, J. H. Schwarz, How to get masses from extra dimensions, Nucl. Phys. B 153 (1979) 61–88.
